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Abstract14

Determining the degree of similarity between different stimuli is central for intelligent15

behavior. Psychologists have long debated the nature of similarity, considering whether it16

is continuous and space-like or discrete and feature-like. Here, we argue that the idea that17

stimuli are similar to the extent that they are likely to have been generated by the same18

process unifies these spatial and featural accounts as special cases. We formulate this19

notion of generative similarity in terms of Bayesian inference over hierarchical generative20

processes and show how it can illuminate key ideas from the literature including the21

universal law of generalization, feature contrast models, exemplar and prototype theories,22

and metric violations in semantic organization. Moreover, just as previous work on23

similarity drew on connections to multi-dimensional scaling and additive clustering,24

generative similarity provides a new way to construct representations of stimuli by drawing25

on contrastive learning, a modern machine learning procedure for learning representations26

by pushing similar stimuli together and dissimilar stimuli apart. We show how this27

approach can provide a way to translate hierarchical generative processes into spatial28

representations that support human-like abstraction and generalization, even in complex29

domains that are parameterized by probabilistic programs.30

Keywords: Similarity, Generative Processes, Bayesian Inference, Representations31
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Generative Similarity, Generalization, and Abstraction32

Faced with complex, ever-changing sensory environments, humans must decide33

whether knowledge generalizes from one experience to another, and whether such34

experiences can be viewed as instances of the same abstract type. These problems of35

generalization and abstraction are at the core of human intelligence and our ability to learn36

from small amounts of data (Griffiths, 2020; Shepard, 1987). Key to tackling these37

problems is the ability to reason about what makes different stimuli similar, an ability that38

has been at the center of extensive modeling efforts over the past decades (Chater &39

Vitányi, 2003; Destler et al., 2023; Kemp et al., 2005; Medin et al., 1993; Myung &40

Shepard, 1996; Shepard, 1987; Sims, 2018; Tenenbaum & Griffiths, 2001; Tversky, 1977).41

Different models of similarity have been proposed in the literature, foremost of42

which are the spatial model of Shepard (1987), and the feature model of Tversky (1977).43

Shepard (1987) formulated similarity as distance in psychological space, which captures the44

extent to which pairs of stimuli fall within the same “consequential region” for some45

property (e.g., having an enzyme or being poisonous). Tversky (1977) argued that46

similarity may be better described as a set-theoretic measure applied to stimuli that are47

represented as discrete sets of features. Tenenbaum and Griffiths (2001) unified the former48

accounts by showing that they correspond to different ways of specifying hypotheses49

(continuous vs. discrete) for a Bayesian inference over whether a given property that holds50

for one stimulus also holds for another.51

These accounts of similarity tend to emphasize the apparent dichotomy between52

“features” and “regions”. In fact, these are just two implicit ways of specifying an53

underlying generative distribution of the data. We will argue that it is these underlying54

generative processes that really matter from the point of view of the agent’s generalization55

and abstraction behavior, proposing an alternative notion of similarity based on Bayesian56

inference over generative processes (an initial version of this idea was proposed in Kemp57

et al. (2005), and more recently it has been explored as a measure of shape similarity in58
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Destler et al., 2023). Given a hierarchical generative model of the environment whereby59

data distributions are sampled and then individual stimuli are generated from those60

distributions, we define the similarity of a pair of stimuli as the probability that those61

stimuli were generated from the same underlying distribution. We demonstrate the62

unifying power of this approach by showing how different classic results from the literature,63

including the universal law of generalization (Shepard, 1987), Tversky’s feature contrast64

model (Tversky, 1977), exemplar and prototype theories (Battleday et al., 2020; Medin &65

Schaffer, 1978; Posner & Keele, 1968), and metric violations in semantic organization66

(Griffiths et al., 2007; Tversky & Hutchinson, 1986) correspond to specific choices of67

generative models.68

Moreover, just as spatial models of similarity build on multi-dimensional scaling69

(Shepard, 1980), and featural models of similarity build on additive clustering (Shepard &70

Arabie, 1979), we show how generative similarity can be combined with contrastive71

learning (Chen et al., 2020), a framework for representation learning from the machine72

learning literature, to derive spatial representations from generative models that support73

human-like generalization and abstraction. In particular, we show how they can be used to74

predict human judgments across various domains, including geometric reasoning, natural75

images, and abstract shapes parametrized by probabilistic programs that are neither76

feature-like nor space-like.77

In the remainder of the paper, we first review previous accounts of similarity. We78

then introduce the generative similarity formalism and its theoretical implications. Next,79

we introduce the generative-contrastive framework for deriving representations and apply it80

to various empirical domains. Finally, we conclude with a discussion of the implications of81

our work for the psychological literature.82

Models of Similarity83

At the core of any model of similarity is the question of how an agent should decide84

on the extent to which two stimuli are similar. Different answers to this question lead to85
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different models of similarity. In spatial models of similarity, as exemplified by the work of86

Shepard (1987), the similarity between stimuli is taken to be inversely related to their87

distance in psychological (or representational) space. More specifically, Shepard (1987)88

(and later Tenenbaum and Griffiths, 2001), formulated similarity between two stimuli x89

and y as a response to the query “how likely is it that y possesses a certain property c90

having observed x possessing it too?”. The possession of a property is operationalized as91

the stimulus being within some latent consequential region h in psychological space. The92

probability of possessing a shared property is then calculated by summing over all shared93

consequential regions. The end result of this procedure is the universal law of generalization94

(Shepard, 1987) which states that similarity between two stimuli should decay as a convex95

function of their psychological distance, typically approximated as an exponential96

s(x, y) ∝ e−d(x,y) (1)

where d(x, y) is psychological distance. This idea has been elaborated on both empirically97

(e.g., Cheng, 2000; Marjieh et al., 2024), and theoretically using tools from rate-distortion98

theory (Sims, 2018), maximum entropy estimation (Myung & Shepard, 1996), and99

algorithmic transformational distance (Chater & Vitányi, 2003). It also serves as a100

backbone for exemplar and prototype theories of categorization (Battleday et al., 2020;101

McKinley & Nosofsky, 1995; Nosofsky, 1986; Reed, 1972).102

One classic criticism of spatial models of similarity is their commitment to the103

metric axioms (Tversky, 1977; Tversky and Hutchinson, 1986), namely that spatial104

distances are symmetric and satisfy the triangle inequality (though see Krumhansl (1978),105

Nosofsky (1992), and Jones et al. (2018) for possible resolutions). Tversky (1977) noted106

that human similarity judgments can violate these properties in certain cases such as in107

semantic domains (e.g., the concept gas-lantern is similar to moon, the concept moon is108

similar to ball, but gas-lantern and ball are not similar; James, 1890). Using this insight,109

Tversky argued that similarity is better captured by an alternative class of models based110

on set-theoretic comparisons between stimulus features. Demanding that any such111
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similarity measure should satisfy a set of “common-sense” axioms (Tversky, 1977) he then112

narrowed down its form to the following formula113

sij = αsf(Σi ∩ Σj) − βsf(Σi − Σj) − γsf(Σj − Σi) (2)

for some non-negative numbers αs, βs, γs, and a non-negative scalar function f (e.g., set114

size f(A) = |A|) where Σi and Σj are the sets of features possessed by stimuli σi and σj,115

and A ∩ B and A − B correspond to the sets of features that are in A and B, and in A but116

not in B, respectively. For different choices of parameters, one can account for phenomena117

such as asymmetry in similarity judgments (e.g., when βs ̸= γs > 0). Moreover, as with118

Shepard’s approach, more general formulations have been proposed following Tversky’s119

work (e.g., using fuzzy logic; Santini and Jain, 1999).120

Moving beyond the spatial and featural models, Tenenbaum and Griffiths (2001)121

observed that Shepard and Tversky’s accounts can be subsumed by a probabilistic122

formulation of similarity using Bayesian inference. Specifically, let C denote the (latent)123

consequential region that leads to the possession of a property of interest. Similarity124

between two stimuli x, y is then defined as the probability that y ∈ C having observed x125

(which possesses the property of interest and hence is also in C). This is determined by the126

probability that C corresponds to a hypothesized region h given the observation of x,127

p(C = h|x), which is computed using Bayes rule, and summing over all possible h.128

Crucially, Tenenbaum and Griffiths (2001) noted that the Bayesian formulation is agnostic129

to the specification of h which could equally be a discrete consequential subset determined130

by features rather than a continuous consequential region. By considering both options,131

the authors showed that the universal law and Tversky’s feature contrast model can be132

accommodated.133

The existing Bayesian treatment of similarity as generalization has two limitations:134

(i) it is not always clear which property humans are reasoning about when they provide a135

similarity judgment, and, in fact, there may be no single or definite answer, and (ii) the136

distinction between continuous and discrete hypothesis spaces is merely mathematical and137
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Figure 1

Schematic representation of generative similarity. A. Graphical models for the same and

different data generation hypotheses. B. Example same and different stimulus pairs.

does not clearly specify the agent’s model of the stimulus domain. To address these138

limitations, an alternative notion of Bayesian similarity has been proposed in the literature139

based on an inference about the process that might have generated the observed stimuli140

(Destler et al., 2023; Kemp et al., 2005). This generative approach asks the question “how141

likely are the stimuli to have been generated by the same process?”. However, this notion of142

similarity has not been extensively studied, leaving open questions about its ability to143

capture the universal law of generalization and other foundational results, as well as how it144

can be estimated and used in practice. Our work aims to address this gap (i) by directly145

showing how generative similarity, when combined with a suitable generative model, can146

capture prior theoretical findings, and (ii) by combining generative similarity with the147

method of contrastive learning developed in the machine learning literature to learn148

representations that can be used to predict human judgments, even when it could not149

otherwise be calculated.150

Defining Generative Similarity151

We begin by specifying the probabilistic formulation of generative similarity.152

Consider an agent whose model of a certain stimulus domain (e.g., geometric shapes) is153

given by a hierarchical generative process. In the first part of this process, distributions are154
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sampled from some prior p(θ) – for example, θ could specify a distribution over visual155

attributes that define a certain visual category (e.g., a rectangle). Given the chosen156

parameters, stimuli are then sampled from the selected data distribution p(d|θ) (e.g., a157

specific image of a rectangle is produced). Under this model, the data distribution is then158

given by summing over all possible values of θ weighted by the prior, namely,159

p(d) =
∫

dθp(d|θ)p(θ).160

Recall that our goal is to quantify the extent to which two stimuli x, y are likely to161

have been generated from the same underlying distribution, or their generative similarity162

sgen(x, y). A natural way to do so is through the Bayes odds ratio which compares the163

probability that x, y have been sampled from the same distribution relative to that of them164

being sampled from different (i.e., independent) distributions (Figure 1)165

sgen(x, y) = p(same|x, y)
p(different|x, y) . (3)

Now, we can expand each term above using Bayes rule p(h|x, y) = p(x, y|h)p(h)/p(x, y)166

where h is any hypothesis, and since we are interested in the ratio between the posteriors167

of two hypotheses, the normalization factor p(x, y) cancels out. From here, based on the168

definitions of the “same” and “different” (diff. for short) processes (Figure 1A) we have169

p(same|x, y) ∝ p(x, y|same)p(same) =
∫

p(x|θ)p(y|θ)p(θ)dθ × p(same) (4)

and likewise,170

p(diff.|x, y) ∝ p(x, y|diff.)p(diff.) =
∫

p(x|θ1)p(y|θ2)p(θ1)p(θ2)dθ1dθ2 × p(diff.), (5)

which capture the probability that x and y are generated from a single distribution (with171

random parameter θ) vs. two independently-sampled distributions (with random172

parameters θ1, θ2), respectively. Note that p(same) and p(diff.) are the prior probabilities173

for the hypotheses that stimuli are sampled from same and different distributions in174

general. We will take these to be equal a priori, and hence they cancel out in the ratio175
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(alternatively, they simply contribute a constant scale that is independent of the data).176

Thus, we arrive at the final form of generative similarity177

sgen(x, y) =
∫

p(x|θ)p(y|θ)p(θ)dθ∫
p(x|θ1)p(y|θ2)p(θ1)p(θ2)dθ1dθ2

. (6)

In summary, generative similarity provides a natural way to quantify the similarity178

between a pair of stimuli given their probabilities under a suitable generative model. This179

is done by comparing the probability of the pair under a case in which one distribution is180

sampled and the two stimuli are generated from it, relative to that of the case where two181

independent distributions are sampled and then each stimulus is generated separately from182

their respective distributions.183

Generative Similarity as a Unifying Framework184

Our goal next is to show how generative similarity can unify aspects of185

psychological similarity that are central to the literature reviewed earlier, namely, (i) the186

universal law of generalization (Shepard, 1987), (ii) the feature contrast model (Tversky,187

1977), (iii) prototype and exemplar theories of categorization (Nosofsky, 1986; Reed, 1972),188

and (iv) metric violations in semantic organization (Griffiths et al., 2007; Tversky, 1977;189

Tversky & Hutchinson, 1986).190

The Universal Law of Generalization191

We begin by considering how generative similarity connects to Shepard’s universal192

law of generalization in its Bayesian form (Tenenbaum & Griffiths, 2001). Recall that the193

formal setting of Shepard’s law is that of a rational agent that considers whether a certain194

property generalizes from one stimulus x to another y by reasoning about the consequential195

regions these stimuli belong to in psychological space. The task of the rational agent is to196

ask “which consequential region is x likely to be associated with, and does y fall within197

that region too?”. Being “associated” with a consequential region is typically interpreted in198

one of two ways (Tenenbaum & Griffiths, 2001): i) Weak sampling: the stimulus x is199

sampled independently from the consequential region h and is associated with it by200
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happening to fall within it, and ii) Strong sampling: the stimulus x is associated with a201

consequential region by being directly (and uniformly) sampled from it. As argued by202

Tenenbaum and Griffiths (2001), the strong sampling assumption carries with it203

explanatory power when generalizing Shepard’s account to more complex setups (such as204

generalizing from multiple examples) that are not captured well by weak sampling.205
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Figure 2

Generative account of the universal law of generalization. A. The “same” and “different”

generative processes in which consequential regions h are sampled, and then points x and y

are sampled from them. B. Simulation results showing that the convexity of the derived

generative similarity is insensitive to different choices of the prior π(|h|) for three different

distributions: a Poisson distribution, a heavy-tailed Zipf distribution, and a uniform

distribution on sizes up to 9.

We will adopt the strong sampling assumption (i.e., that stimuli are sampled206
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directly and uniformly from consequential regions) for two reasons: (i) due to its role in207

extending Shepard’s formulation to multiple items (Tenenbaum, 1999; Tenenbaum &208

Griffiths, 2001), and (ii) because it provides a clear specification of a generative account:209

reasoning about whether properties generalize from one stimulus to another becomes that210

of reasoning about the consequential regions that generated those stimuli. Put differently,211

stimuli are likely to possess the same property if they are likely to have been sampled from212

the same consequential region. Thus, the underlying generative process that the rational213

agent is reasoning about is that of first sampling a consequential region, and then sampling214

points from it (Figure 2A). Our goal in what follows is to delineate how generative215

similarity under this specific generative process relates to the universal law and the216

previous Bayesian formulation of Tenenbaum and Griffiths (2001).217

Starting from the formulation of Tenenbaum and Griffiths (2001), let C denote the218

latent consequential region that leads to possessing a property of interest. The Bayesian219

computation then proceeds by evaluating the probability that y ∈ C having observed x220

(which possesses that property)221

sg(x, y) = p(y ∈ C|x)

=
∑

h

p(y ∈ C|C = h, x)p(C = h|x)

=
∑

h

p(y ∈ C|C = h)p(C = h|x)

=
∑

h:y∈h

p(C = h|x)

where the third and fourth equalities follow from the fact that knowing C, y becomes222

independent of x, and p(y ∈ C|C = h) becomes a deterministic indicator of whether y is in223

C or not. Next, from strong sampling, i.e., that x was sampled from C, we have224

p(x|C = h) =


1

|h| , x ∈ h

0, otherwise
(7)
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which when combined with Bayes rule p(h|x) = p(x|h)π(h)/∑h′ p(x|h′)π(h′) yields225

sg(x, y) =
∑

h:x,y∈h
1

|h|π(h)∑
h′:x∈h′

1
|h′|π(h′) . (8)

where π(h) is the prior over consequential regions. Following Shepard (1987) and226

Tenenbaum and Griffiths (2001), we make the following assumptions about the nature of227

consequential regions: (i) the prior over consequential regions depends only on the size of h228

but not on its location, i.e., π(h) = π(|h|), (ii) the consequential regions are connected and229

convex1 (i.e., if x, y ∈ h then the line connecting them is also in h), (iii) there are no special230

points in the space and so they can be treated generically by setting one of them at the231

origin, namely, x, and considering different y values. Given these assumptions, the authors232

argued that the shape of sg is monotonically decreasing and convex as a function of the233

separation between x and y, irrespective of the choice of the prior. This yields the universal234

law of generalization (for a proof see Appendix A). Note also that these assumptions235

further imply that the denominator in (8) is a constant independent of x (since we are236

summing over all the consequential regions containing a single generic point), and so we237

can write ∑h′:x∈h′ π(|h′|)/|h′| ≡ 1/s0 from which it follows that238

sg(x, y) = s0
∑

h:x,y∈h

1
|h|

π(|h|). (9)

Turning next to generative similarity, under the generative model shown in Figure239

2A (i.e., a consequential region is sampled and then points are sampled uniformly from it)240

it is given by241

sgen(x, y) =
∑

h p(x|h)p(y|h)π(h)∑
h1 p(x|h1)π(h1)

∑
h2 p(y|h2)π(h2)

. (10)

This expression further simplifies under the same assumptions regarding consequential242

regions and strong sampling (7) noted above, namely,243

sgen(x, y) = s2
0
∑

h:x,y∈h

1
|h|2

π(|h|). (11)

1 It is worth noting that Shepard (1987) suggested that this property may be relaxed to centrally

symmetric regions which may or may not be convex.



GENERATIVE SIMILARITY, GENERALIZATION, AND ABSTRACTION 13

We see that sgen and sg essentially capture the same function up to a different weighting of244

the size of consequential regions. Crucially, this difference has no effect on the convexity of245

the similarity measure as a function of distance between x and y (see Appendix A for a246

proof). It does imply, however, that sgen decays faster than sg which is expected as the247

former concerns reasoning about the the sampling of two points from the consequential248

region as opposed to one. This is compatible with the faster decay rate discussed by249

Tenenbaum and Griffiths (2001) when dealing with generalization from multiple examples.250

As a sanity check, we confirmed in a simulation that Equation (10) indeed yields convex251

curves for various choices of the prior distribution (Figure 2B). Thus, we conclude that252

generative similarity can recover Shepard’s law of generalization under the same253

assumptions used in prior work.254

A classic debate in the literature on the universal law concerns the existence of a255

small violation of convexity for sufficiently close points in psychological space (Chater &256

Vitányi, 2003; Nosofsky, 1985). This violation of convexity is often approximated as a type257

of Gaussian generalization gradient that is employed in exemplar-based theories of258

categorization (Medin & Schaffer, 1978; Nosofsky, 1986). It has also been argued to arise259

from the inherent stochasticity of representations, whereby individual stimulus260

representations are sampled from some noisy Gaussian distributions (Ennis et al., 1988;261

Nosofsky, 1992). As we show next, generative similarity can provide a way to account for262

this variant by tying it to a different hypothesis regarding the generative process263

underlying the data. Rather than reasoning about whether stimuli were sampled from the264

same consequential region via strong sampling, we will consider whether they were265

generated from the same underlying Gaussian distribution (Figure 3A).266

To that end, consider a data generative process in which D-dimensional Gaussian267

distributions are sampled, and then stimuli are generated from those distributions (Figure268

3A). Specifically, we assume that the parameters of a Gaussian distribution, namely, its269

mean µ and covariance Σ, are sampled from some priors p(µ) and p(Σ), after which data270
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Capturing other variants of the universal law. A. Indefinite Gaussian generative process in

which Gaussian distributions are sampled and then points are sampled from those

distributions. B. Corresponding one-dimensional generative similarity as a function of

distance from a reference point x = 0 at the origin for different inverse Wishart prior

hyperparameters k. Dashed line indicates a Gaussian gradient e−x2 for reference.

points are sampled from that Gaussian X ∼ N (µ, Σ). Following Griffiths and Tenenbaum271

(2007), we will consider a uniform prior over the means for some large region R, and an272

inverse Wishart prior (a common conjugate prior on covariance matrices; see e.g., Gelman273

et al., 1995; Minka, 1998) with hyperparameters k ≥ D and I where I is the identity274

matrix. Formally, we have275

p(µ) = 1
|R|

, p(Σ) = 1
ckD|Σ|(k+D+1)/2 exp

[
−1

2tr(Σ−1)
]

(12)

where ckD > 0 is a constant, and | · | and tr(·) are the determinant and trace operators,276

respectively (with the exception of |R| which corresponds to the size of the region R).277

Under these priors, it is possible to derive the probability of a set of data points278

d = {x1, . . . , xn} being sampled from a single indefinite Gaussian (for a derivation, see279

Appendix B or Griffiths and Tenenbaum, 2007)280

p(d|Gaussian) ∝ 1
|S + I|(n+k−1)/2 (13)
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where S = ∑n
i=1(xi − x̄)(xi − x̄)⊤ is the scatter matrix associated with the data,281

x̄ = 1
n

∑n
i=1 xi is the data mean, and I is the identity matrix as before. Note that for a282

single data point, we have S = 0 which implies that Equation (13) is constant in that case.283

This is sensible as any individual point is equally likely to be sampled from some Gaussian.284

Thus, when comparing the generative similarity between two points x, y (i.e., the ratio285

between their probability of being sampled from the same Gaussian vs. two independent286

Gaussians) we have287

s(x, y) ∝ p(x, y|Gaussian) ∝ 1
|S + I|(1+k)/2 . (14)

To make this concrete, for D = 1 and setting x = 0 we have s(0, y) = 1/(1 + y2/2)(1+k/2).288

As shown in Figure 3B, this function is monotonically decreasing and is largely convex289

with the exception of the area near the origin.290

Thus, we see that generative similarity provides the right level of generality to291

meaningfully unify the universal law and its variant by tying each to specific choices of292

generative processes. As we will show later, the generic Gaussian generative process293

presented here will allow generative similarity to make direct contact with the well-known294

exemplar and prototype theories of categorization, but before doing so we will consider295

another competing account of similarity, namely, Tversky’s feature model (Tversky, 1977).296

Feature Contrast Models and Diagnosticity297

Our goal in what follows is to show how generative similarity can capture Tversky’s298

feature-based model of similarity (Tversky, 1977). Recall that under this model, the299

similarity between a pair of stimuli σ1 and σ2 with feature sets2 Σ1 and Σ2, respectively, is300

given by the formula301

s = αsf(Σ1 ∩ Σ2) − βsf(Σ1 − Σ2) − γsf(Σ2 − Σ1) (15)

for some non-negative numbers αs, βs, γs, and some non-negative scalar function (often302

taken to be set size f(A) = |A|). As in the previous section, generative similarity requires303

2 These should not be confused with the covariance matrix notation of the previous section.
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Feature sampling and Tversky’s contrast model. A. Beta-Bernoulli generative process

associated with feature-based stimuli. B. Example Beta distributions under the constraint

α ≤ β. Dashed line indicates the 1/2 threshold.

specifying a suitable generative model of the data. In our case, this amounts to a process304

that generates features, and then generates stimuli that possess those features (Figure 4A).305

This can be achieved using Beta-Bernoulli conjugate distributions (a variant of this process306

was also explored in Kemp et al., 2005). Specifically, given a set of available binary features307

i = 1, . . . , n (e.g., “is symmetric”, “has four edges”, etc.), we sample Bernoulli parameters θi308

for each feature i from a prior θi ∼ Beta(α, β), and then sample a corresponding Bernoulli309

indicator fi ∼ Bern(θi) where fi = 1 if the property holds true (with probability θi) and 0310

otherwise. Finally, given the feature vector f ≡ {fi} we uniformly sample a stimulus σ(f)311

that possesses those features from the set of all such stimuli S(f). Mathematically, we have312

(σ, {fi}, {θi}) =



θi ∼ Beta(α, β), Sample Bernoulli parameters

fi ∼ Bern(θi), Sample discrete features

σ(f) ∼ Uniform(S(f)), Sample example stimulus.

(16)

313

In Appendix C, we show that generative similarity under this process can be computed in314
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closed form and is given by315

log s(σ1, σ2) = |Σ1 ∩ Σ2| log α + 1
α

β

β + 1 − (|Σ1 − Σ2| + |Σ2 − Σ1|) log β + 1
β

+ log c0 (17)

where c0 > 0 is a constant independent of the stimuli. From here we see that generative316

similarity captures Tversky’s proposed formula (up to a monotonically increasing317

transformation sgen = c0e
sTversky) with the parameter values318

αs = log α + 1
α

β

β + 1 , βs = γs = log β + 1
β

. (18)

Interestingly, while βs and γs are always positive in this case, to ensure that αs is319

non-negative we must require that β ≥ α which corresponds to a Beta distribution with320

mean value α/(α + β) ≤ 1/2 (see Figure 4B for examples). This reflects a rational agent321

who assumes that features are typically not realized in stimuli and therefore are diagnostic.322

This is because on average θi ≤ 1/2, which means that a property is more likely not to hold323

than to hold (see also Oaksford and Chater (1994) for related ideas). Moreover, observe324

that the condition βs = γs implies that the similarity formula is symmetric, which is a325

natural outcome of our original definition of generative similarity (the probability of stimuli326

being generated from the same process does not take into account directionality).327

Nevertheless, later on we will show how asymmetric similarity can be naturally328

incorporated within the generative framework.329

Beyond the connection to Tversky’s formulation, it is worth noting that Equation330

(17) can also be written as (see Appendix C)331

log s(σ1, σ2) = |Σ1 ∩ Σ2| log α + 1
α

− |Σ1 ∪ Σ2| log β + 1
β

+ log c0. (19)

where |Σ1 ∪ Σ2| is the union of all features that hold true either in σ1 or σ2. This provides332

another intuitive interpretation: generative similarity between a pair of stimuli tracks the333

number of shared features relative to the overall number of features possessed by those334

stimuli, weighted by the parameters of the Beta distribution.335
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Generative Similarity and Categorization336

Generative similarity provides a clear avenue for reasoning about categories: just as337

we can ask how likely a pair of stimuli x0 and x1 are to have been generated from the same338

distribution, we can also ask how likely a stimulus x0 and a set of stimuli {xi} are to have339

been generated from the same distribution. This formulation is analogous to an340

exemplar-based theory of categorization (Nosofsky, 1986) whereby category membership is341

determined based on the similarity between a stimulus and instances of the category in342

question (i.e., its exemplars). Crucially, our approach directly links this notion of similarity343

to inference with respect to the underlying distribution that specifies the category. To344

illustrate this point, we shall consider again the Gaussian sampling generative process345

defined in Equation (12). Recall that under that process, the probability of a set of stimuli346

d = {x1, . . . , xn} (or {xi} in short), given that they were sampled from the same indefinite347

Gaussian, is given by348

pG(d) ≡ p(d|Gaussian) ∝ 1
|S + I|(n+k−1)/2 (20)

where S({xi}) = ∑n
i=1(xi − x̄)(xi − x̄)⊤ is the scatter matrix associated with the data,349

x̄ = 1
n

∑n
i=1 xi is the data mean, I is the identity matrix, and | · | is the determinant. Now,350

applying Equation (20) to the definition of generative similarity (6) we have351

s({xi}, x0) = pG({xi} ∪ {x0})
pG({xi})pG({x0}) ∝ |S({xi}) + I|(n+k−1)/2

|S({xi} ∪ {x0}) + I)|(n+k)/2 (21)

where, as before, we used the fact that for a single data point pG is constant. Now, to see352

how this formula relates to familiar models of categorization, we will consider the limit353

n → ∞, i.e., when the number of category exemplars is large. In Appendix D, we show354

that in this limit Equation (21) assumes the following familiar form355

s({xi}, x0) → 1√
(2π)D|Σ({xi})|

exp
(

−1
2(x0 − x̄({xi}))⊤Σ−1({xi})(x0 − x̄({xi}))

)
(22)

where x̄({xi}) = 1
n

∑n
i=1 xi and Σ({xi}) = 1

n
S({xi}) are the empirical mean and covariance356

of the data {xi}, respectively (we also confirmed this result in a simulation as can be seen357
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in Supplementary Figure D1). This means that generative similarity between a point and a358

multidimensional exemplar set converges to the probability of that point under a Gaussian359

distribution specified by the empirical mean x̄({xi}) and covariance Σ({xi}) of that set.360

Equivalently, it is a monotonically decreasing function of the Mahalanobis distance361

(Mahalanobis, 2018) between x0 and the mean “prototype” x̄({xi}), weighted by the362

covariance matrix Σ({xi}). Note also that this highlights generative similarity’s pressure363

towards compressed representations (here the mean and covariance of the data) by directly364

reasoning about the underlying distribution that generated the data.365

Semantic Organization and Metric Axiom Violations366

A complete theory of similarity must be able to capture violations of metric axioms367

that challenge spatial models in semantic domains (Griffiths et al., 2007; Tversky, 1977;368

Tversky & Hutchinson, 1986). Our goal next is to show how generative similarity can369

account for such phenomena.370

Symmetry Violations371

The current definition of generative similarity assumes a symmetric form as it372

responds to the query “how likely is it that x and y were generated from the same373

distribution relative to being generated independently?”. To see how generative similarity374

can nevertheless capture asymmetries, observe that the previous query is probabilistically375

equivalent to the following one: “how likely is it that x was generated from the same376

distribution that generated y relative to being generated independently?”. Indeed, in that377

case we have378

s(x, y) =
∫

p(x|θ)p(θ|y)dθ∫
p(x|θ)p(θ)dθ

(23)

and using Bayes rule to expand p(θ|y) we have379

s(x, y) =
∫

p(x|θ)p(y|θ)p(θ)dθ∫
p(x|θ)p(θ)dθ

∫
p(y|θ)p(θ)dθ

(24)

which is the original (symmetric) definition. Crucially, note that the symmetry emerges due380

to the division by the independent sampling baseline
∫

p(x|θ)p(θ)dθ (i.e., the probability or381
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frequency of the stimulus x under the generative model). This gives us a clear way to382

accommodate for asymmetries by simply dropping the normalization against the383

independent baseline. In that case, the asymmetric generative similarity of y to x (i.e., if y384

is sampled from some distribution, how likely is x to be sampled from it too?)3 becomes385

s(y; x) =
∫

p(x|θ)p(θ|y)dθ =
∫

p(x|θ)p(y|θ)p(θ)dθ∫
p(y|θ)p(θ)dθ

(25)

which is indeed asymmetric (we use a semicolon to highlight the asymmetry and386

distinguish it from the symmetric definition). Importantly, this is precisely the387

frequency-based structure that generates asymmetries in other probabilistic frameworks388

such as topic models (Griffiths et al., 2007) which successfully capture metric violations in389

semantic judgments. Indeed, taking the ratio of the two-way similarities we have390

s(y; x)
s(x; y) =

∫
p(x|θ)p(θ)dθ∫
p(y|θ)p(θ)dθ

= p(x)
p(y) (26)

which suggests that if p(y) ≪ p(x) (e.g., if y is highly associated with only a small subset391

of θ values) then s(y; x) ≫ s(x; y), i.e. the similarity of y to x is bigger than that of x to y392

(assuming that their joint sampling probability
∫

p(x|θ)p(y|θ)p(θ)dθ is non-vanishing). To393

make this concrete, and to highlight the analogy with topic models, consider the word pair394

cobra-snake (Griffiths et al., 2007): The word cobra is more specialized than the word395

snake and, correspondingly, has lower frequency p(cobra) ≪ p(snake). This in turn implies396

that s(cobra; snake) ≫ s(snake; cobra) which is what one observes in the literature397

(Griffiths et al., 2007): the similarity (or association) of cobra to snake is larger than that398

of snake to cobra. Equivalently, the distribution (or ‘topic’) that generated the word cobra399

is likely to generate the word snake, but the distribution (or ‘topic’) that generated the400

word snake might not necessarily be focused on cobras and so is not as likely to generate401

the word cobra. In summary, frequency-dependent asymmetries in similarity judgment can402

3 Another intuitive (though less formal) way to think of this definition is: if y is associated with a given

distribution (e.g., a category or topic), how likely is x to be associated with it too?
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be easily accounted for in the generative similarity framework by simply dropping the403

comparison against the independent sampling baseline.404

Triangle Inequality Violations405

The triangle inequality states that any spatial distance metric d(·, ·) must satisfy406

d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z. This implies that any spatial measure of similarity407

that is monotonically decreasing in d(·, ·) is constrained by the triangle inequality. In408

particular, the triangle inequality is violated for stimulus triplets x, y, z for which s(x, y) is409

high, s(y, z) is high, but s(x, z) is low. This typically happens when the high similarity410

pairs are similar in different respects. Well-known examples of such violations are found in411

the domain of analogies (Peterson et al., 2020): Consider the conceptual relations412

nurse-patient, mother-baby, and frog-tadpole. The relation nurse-patient is similar to413

mother-baby (with respect to care), the relation mother-baby is similar to frog-tadpole (with414

respect to birth), however, nurse-patient and frog-tadpole are not similar.415

Unlike spatial models of similarity, generative similarity is not constrained by the416

triangle inequality. To demonstrate this, consider a hierarchical generative process in which417

one of two distributions ϕ1(x), ϕ2(x) is chosen at random (e.g., each corresponding to a418

different class of analogical relations) and then data are sampled from the selected419

distribution. Crucially, let us assume that for a certain triplet (x, y, z) the distributions420

satisfy ϕ1(x) = ϕ1(y) = c for some finite constant c but ϕ1(z) = ϵ ≪ c (i.e., x, y but not z421

have high probability under ϕ1). Likewise, ϕ2(y) = ϕ2(z) = c but ϕ2(x) = ϵ ≪ c422

(Figure 5A). In this case, computing generative similarity based on Equation (6) yields423

s(x, y) = ϕ1(x)ϕ1(y)/2 + ϕ2(x)ϕ2(y)/2
(ϕ1(x)/2 + ϕ2(x)/2)(ϕ1(y)/2 + ϕ2(y)/2) = 2 c2 + ϵc

(c + ϵ)(c + c) ≈ 1. (27)

Likewise,424

s(y, z) = ϕ1(y)ϕ1(z)/2 + ϕ2(y)ϕ2(z)/2
(ϕ1(y)/2 + ϕ2(y)/2)(ϕ1(z)/2 + ϕ2(z)/2) = 2 cϵ + c2

(c + c)(ϵ + c) ≈ 1. (28)

However,425

s(x, z) = ϕ1(x)ϕ1(z)/2 + ϕ2(x)ϕ2(z)/2
(ϕ1(x)/2 + ϕ2(x)/2)(ϕ1(z)/2 + ϕ2(z)/2) = 2 cϵ + ϵc

(c + ϵ)(ϵ + c) ≈ 4ϵ

c
≪ 1 (29)
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Figure 5

Generative distributions that challenge metric assumptions. A. Triangle inequality

violation. B. Nearest neighbor statistics violation. The different ϕi correspond to available

distributions and the regions highlight their non-negligible support over stimuli x, y, z, ci.

in clear violation of the triangle inequality.426

Nearest Neighbor Statistics Violations427

Beyond metric axioms, spatial models of similarity impose strong constraints on the428

statistics of nearest neighbors (i.e., the number of points that a given point is closest to,429

and hence most similar). Such constraints, like those of metric axioms, may be430

incompatible with semantic organization, especially when relying on lower-dimensional431

representations (Tversky & Hutchinson, 1986). This problem is particularly pronounced in432

semantic domains that possess superordinate categories that are highly similar to many433

individual concepts. To make this concrete, consider the problem of embedding the434

concepts fruit, apple, orange, and banana in a one-dimensional space such that the most435

similar concepts fall closest to each other. Since fruit is the superordinate category, it436

should be the most similar (i.e., nearest neighbor) to all other concepts, but this is437

impossible in one dimension because a given point can be nearest neighbor to at most two438

other points (the two points that are directly to its left and right). Tversky and Hutchinson439

(1986) argued that this problem of “hubness” extends to higher-dimensional spatial440
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representations for a broad class of point distributions.441

We will show next that generative similarity can capture this ‘hubness’ property.442

Consider, for example, a set of stimuli c0, c1, . . . , cn (e.g. concepts) for some large n subject443

to the following generative process: we first uniformly sample a distribution from a set of n444

available distributions ϕi where i = 1, . . . n and then sample stimuli from that distribution.445

Let us further consider the case in which each distribution ϕi satisfies ϕi(ci) = ϕi(c0) = a446

for some finite constant a and ϕi(cj) = ϵ ≪ a for all j ̸= i, 0 (Figure 5B). Note that from447

normalization ∑n
j=0 ϕi(cj) = 1 (for any i) we have a = (1 − (n − 1)ϵ)/2 so that a ≫ ϵ448

implies4 nϵ ≪ 1 (i.e., it is infinitesimal) and therefore nϵ ≪ a (since a is finite by449

construction). Given this model, we can next compute generative similarity between the450

different stimuli using Equation (6). Indeed,451

s(c0, ci ̸=0) = [(n − 1)ϵa + a2] /n

(na) /n × [(n − 1)ϵ + a] /n
≈ a2

a2 = 1. (30)

Likewise,452

s(ci ̸=0, cj ̸=i,0) = [(n − 2)ϵ2 + 2ϵa] /n

[(n − 1)ϵ + a] /n × [(n − 1)ϵ + a] /n
≈ 2nϵ

a
≪ 1. (31)

Thus, under this generative model we have s(c0, ci) ≫ s(cj, ci) for any j ̸= i which means453

that c0 is the nearest neighbor to all other stimuli as desired.454

By capturing violations of symmetry, the triangle inequality, constraints on455

nearest-neighbor statistics, as well as other foundational results such as Shepard’s law of456

generalization, generative similarity provides the right level of generality to unify a wide457

array of theoretical results from the literature on similarity. In all cases, this is achieved by458

specifying a transparent generative model of the data and then using Bayesian inference to459

reason about the distributions that generated various stimuli. These results suggest that460

generative similarity may provide an effective foundation for exploring the representations461

that allow people to make useful generalizations in different domains.462

4 This follows from demanding a = (1 − (n − 1)ϵ)/2 ≫ ϵ, rearranging the terms, and using the fact that n

is large so that n − 1 ≈ n.
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Learning Representations that Support Generalization and Abstraction463

Moving beyond theoretical considerations, we will next show how generative464

similarity can be used to learn representations that are empirically predictive of human465

behavior and that can support generalization and abstraction. Here we draw inspiration466

from Shepard’s work on multidimensional scaling and additive clustering (Shepard, 1980).467

We combine generative similarity with contrastive learning (Chen et al., 2020), a468

framework that derives representations by embedding similar stimuli close together and469

dissimilar stimuli far apart. The benefit here is threefold: (i) the encoder that is trained by470

optimizing this objective can embed new stimuli that were not part of the training set, and471

thus enable generalization, (ii) the framework can be combined with Monte-Carlo472

techniques to allow for estimating generative similarity even when its analytical form is473

intractable, and (iii) since contrastive learning is widely used in machine learning,474

combining it with generative similarity provides a prescription for learning human-aligned475

representations in neural networks. We will next lay out the mathematical formulation,476

and then apply it to three cognitively-motivated domains.477

Generative Similarity and Contrastive Learning478

Given a stimulus domain X ∼ p(x) and a pairwise notion of similarity between479

stimuli, contrastive learning derives representations by optimizing a parametric family of480

neural network encoders ϕφ(x) to minimize a suitable contrastive loss function (Chen et al.,481

2020; Oord et al., 2018). The loss function measures the consistency between embedding482

similarity, as specified by some function (e.g., semb = e−d where d is distance), and the true483

similarity. To apply contrastive learning to generative similarity sgen, we distinguish484

between two scenarios. When sgen is analytically tractable (or if some distributional485

similarity proxy is available), we can directly optimize the encoder parameters such that486

the difference between generative similarity and the corresponding embedding similarity is487
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minimized, e.g.,488

φ∗ = arg min
φ

E(X1,X2)(semb(ϕφ(X1), ϕφ(X2)) − sgen(X1, X2))2. (32)

If, on the other hand, sgen is not tractable, we can implicitly incorporate it in training by489

applying Monte Carlo sampling from the generative model to produce “same” and490

“different” pairs491

(X, X+, X−) ∼



θ+, θ− ∼ p(θ), Sample distributions

x, x+ ∼ p(x|θ+), Sample “same” examples

x− ∼ p(x|θ−), Sample “different” examples

(33)

which, in turn, can be incorporated into a triplet loss function ℓ(x, x+, x−) that seeks to492

maximize the embedding similarity between X, X+ and to minimize it between X, X−
493

φ∗ = arg min
φ

E(X,X+,X−)ℓ(ϕφ(X), ϕφ(X+), ϕφ(X−)) (34)

For example, ℓ could be the difference between the encoding distance of the pairs (x, x+)494

and (x, x−), i.e., ℓ(x, x+, x−) = d(ϕφ(x), ϕφ(x+)) − d(ϕφ(x), ϕφ(x−)) for some distance495

measure of choice d(·, ·). Additional mathematical details are provided in Appendices E496

and F, followed by example simulations in an analytically tractable case in Appendix G.497

Our goal in what follows is to apply this formalism to domains of increasing498

complexity to evaluate the impact of generative similarity on capturing complex human499

behaviors. In particular, we consider: (i) quadrilateral shapes (Sablé-Meyer et al., 2021),500

(ii) abstract relational geometric concepts parameterized by probabilistic programs (Hsu501

et al., 2022), and (iii) natural images sampled from semantic hierarchies (Deng et al., 2009).502

As a baseline model, we use the popular contrastive learning framework SimCLR503

(Chen et al., 2020). SimCLR is a training framework whereby a representation is learned504

by applying various augmentations (i.e., transformations) to the training data to artificially505

construct positive (“same”) and negative (“different”) pairs that are then incorporated in a506

contrastive loss such as the one shown in Equation (34). This objective is equivalent to a507
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default generative process that is devoid of domain-specific knowledge whereby a base508

stimulus (e.g., an image) is sampled and then a random augmentation is applied. In509

particular, the SimCLR objective applies general augmentations to visual stimuli such as510

random cropping, rotations, and blurring, with the goal of making representations of an511

image and its augmented version as similar as possible, and representations of different512

images as dissimilar as possible. By using SimCLR as a baseline, we show the value of513

using contrastive learning with generative similarity in providing richer inductive bias to514

capture human behavior.515

Application 1: Learning Abstract Geometric Regularity516

Background517

There is strong evidence that humans are uniquely sensitive to abstract geometric518

regularity (Henshilwood et al., 2011; Saito et al., 2014). Sablé-Meyer et al. (2021)519

compared diverse human groups (varying in education, cultural background, and age) to520

non-human primates on a simple oddball discrimination task. Participants were shown a521

set of five reference shapes and one “oddball” shape and were prompted to identify the522

oddball (Figure 6A). The reference shapes were generated using basic geometric523

regularities: parallel lines, equal sides, equal angles, and right angles, which can be524

specified by a binary vector corresponding to the presence or absence of these specific525

geometric features. There were 11 types of quadrilateral reference shapes with varying526

geometric regularity, from squares (most regular) to random quadrilaterals containing no527

parallel lines, right angles, or equal angles/sides (least regular; Figure 6B). In each trial,528

five different versions of the same reference shape (e.g., a square) were shown in different529

sizes and orientations. The oddball shape was a modified version of the reference shape, in530

which the lower right vertex was moved such that it violated the regularity of the original531

reference shape (e.g., moving the lower right vertex of a trapezoid such that it no longer532

has parallel sides). Figure 6A shows an example trial.533

Sablé-Meyer et al. (2021) found that humans were naturally sensitive to these534
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Figure 6

Generative similarity to instill human shape regularity biases. A. The oddball task of

Sablé-Meyer et al. (2021) used six quadrilateral stimulus images, in which five images were

of the same reference shape (differing in scale and rotation) and one was an oddball

(highlighted in red) that diverged from the reference shape’s geometric properties. In this

example, the reference shape is a rectangle; note that the oddball does not have four right

angles like the rectangles. B. Different reference shapes used for the oddball task, ordered

from most regular to least regular. C. Human vs. model similarity for GenSim and the

SimCLR baseline. D. Correlation of error rates on the Oddball task across quadrilaterals

with those of humans (right) and the number of geometric regularities of the reference

shape (left). Error bars indicate standard errors. E. MDS embeddings derived from

similarity in humans and the GenSim and SimCLR models.

geometric regularities (right angles, parallelism, symmetry, etc.) whereas non-human535

primates were not. Specifically, they found that human performance was best on the536

oddball task for the most regular shapes, and systematically decreased as shapes became537

more irregular. Conversely, non-human primates performed well above chance, but they538
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performed worse than humans overall and, critically, exhibited no influence of geometric539

regularity. Additionally, Sablé-Meyer et al. (2021) tested pretrained convolutional neural540

network (CNN) models such as CorNet (Kubilius et al., 2019) on the task. CorNet (Core541

Object Recognition Network) is a convolutional neural network model with an architecture542

that explicitly models the primate ventral visual stream. It is pretrained on a standard543

supervised object recognition objective on ImageNet and is one of the top-scoring models of544

“brain-score”, a benchmark designed to test models of the visual system using both545

behavioral and neural data (Schrimpf et al., 2018). Like the monkeys, CorNet exhibited no546

systematic relationship with the level of geometric regularity. We aim to show the utility of547

generative similarity in instilling abstract geometric regularity biases into such neural548

networks and to better predict human similarity judgments over the quadrilateral domain.549

Methods550

Generative Similarity. The shape categories of Sablé-Meyer et al. (2021) can be551

specified by binary feature vectors corresponding to the presence or absence of abstract552

geometric features (equal angles, equal sides, parallel lines, and right angles of the553

quadrilateral) from which individual examples can be sampled. Formally, we can use these554

features in the Beta-Bernoulli generative process we outlined in Figure 4A and take the555

limit in which these features are fixed within a given quadrilateral class (since these556

geometric classes are defined by the truth value of their features). In Appendix H, we show557

that in this limit the generative similarity measure between shapes σ1, σ2 with feature558

vectors f
(1)
i , f

(2)
i is given by log s(σ1(f (1)), σ2(f (2))) ∝ −∑

i(f
(1)
i − f

(2)
i )2.559

Model Training and Evaluation. We used the aforementioned generative similarity560

measure to instill the geometric regularity effect into CorNet, the same model Sablé-Meyer561

et al. (2021) used in their experiments to show conventional CNNs fail to reproduce the562

regularity effect. Given a random pair of quadrilateral stimuli from Sablé-Meyer et al.563

(2021), we computed the above quantity using their respective binary geometric feature564

vectors and finetuned the pretrained CorNet model on a contrastive learning objective565
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using these distances. Specifically, we first calculated the Euclidean distance of the model’s566

final layer embedding between different quadrilateral images, then calculated the Euclidean567

distance between the quadrilaterals’ respective geometry feature vectors, and finally used568

the mean squared error between the embeddings’ distance and the feature vectors’ distance569

as the loss. The geometric feature vectors were a set of 22 binary features encoding the570

following properties: 6 features per pair of edges encoding whether their lengths are equal571

or not, 6 features per pair of angles coding whether their angles are equal or not, 6 features572

per pair of edges encoding whether they were parallel or not, and 4 features per angle573

encoding whether they were right angles or not. This pushed quadrilaterals with similar574

geometric features together and pulled those with different geometric features apart in the575

model’s representation (see Appendix I for additional technical details, including the576

training of the SimCLR baseline). Like Sablé-Meyer et al. (2021), to test the model on the577

oddball task, we extract the embeddings for all 6 choice images and choose the oddball as578

the one that is furthest (i.e. Euclidean distance) from the mean embedding. In addition to579

the oddball task, we evaluated the extent to which the trained model can predict direct580

pairwise similarity judgments by computing cosine similarity between the embeddings at581

the final layer (cos(u, v) = u · v/||u||2||v||2 which varies between -1 and 1) and correlating582

the result against human judgments.583

Participants. For the oddball task studied by Sablé-Meyer et al. (2021), we used the data584

from Experiment 1. This comprised online data from N = 612 French participants (395585

male, 217 female; reported age statistics: <18 years, 42 participants; 18 - 25 years, 127586

participants; 25 - 60 years, 419 participants; >60 years, 24 participants). In addition to the587

human data, we used the data collected from N = 26 Guinea baboons (18 female, 8 male;588

reported age statistics: Mean = 11, Range = 1.5 − 23 years; Sablé-Meyer et al., 2021). For589

the similarity task, we recruited N = 214 US participants from Prolific5 (97 self-identified590

as man, 103 as woman, and 14 as other; age statistics: Mean = 38.7, SD = 12.1,591

5 https://www.prolific.com/

https://www.prolific.com/
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Range = 18 − 78). Participants were paid 12 USD per hour and provided informed consent592

prior to participation in accordance with an approved Princeton University Institutional593

Review Board Protocol (#10859).594

Stimuli. The quadrilateral shapes comprised 11 classes that varied in their degree of595

regularity and were labeled as: square, rectangle, isoTrapezoid, parallelogram, losange,596

kite, rightKite, rustedHinge, hinge, trapezoid, and random (Figure 6B; see Supplementary597

Table I1 for list of regularities). In the oddball task, 5 variants of the same reference shape598

(class) were produced by applying rescaling and rotations, and an additional oddball shape599

was produced by moving the lower right vertex of the reference shape in order to violate its600

regularity (Figure 6A; additional details can be found in Sablé-Meyer et al., 2021). For the601

similarity task stimuli, we randomly selected 6 shapes from each category so that overall602

we had 66 unique shapes and correspondingly 66 × 65/2 = 2145 unique pairs.603

Procedure. In the oddball task, participants completed two practice trials followed by 44604

test trials. In each trial, participants were instructed to click on the outlier as quickly as605

possible, after which they received visual feedback on whether their answer was correct or606

not (by highlighting the correct shape in green and the incorrect shape in red; the study607

and instructions can be accessed via the following link provided by the original authors6;608

additional details regarding data collection with baboons can be found in the609

Supplementary Information of Sablé-Meyer et al., 2021). For the similarity task,610

participants received the following instructions: “In this study, we are studying how people611

perceive geometric shapes. Your task is to rate the similarity between different pairs of612

geometric shapes. You will have seven response options, ranging from 0 (‘Completely613

Dissimilar’) to 6 (‘Completely Similar’). Choose the one you think is most appropriate.614

Note: no prior expertise is required to complete this task, just choose what you intuitively615

think is the right answer.” Participants then saw 9 random shapes to help familiarize them616

with the stimuli. They then completed up to 100 trials where they responded to the query617

6 https://neurospin-data.cea.fr/exp/mathias-sable-meyer/oddball_original/

https://neurospin-data.cea.fr/exp/mathias-sable-meyer/oddball_original/
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“How similar are the following two white geometric shapes?”. The pairs were randomly618

selected, and the order of the images within each pair was randomized. Overall, we619

collected 20,948 similarity judgments with an average of 10 judgments per pair. We620

averaged the responses per pair and divided by a factor of 6 (so that values vary between 0621

and 1) to derive the final similarity matrix (i.e., each element sij encodes the similarity622

between stimulus i and j). We confirmed in a post-hoc analysis that the data was623

sufficiently powered by computing the split-half inter-rater reliability (IRR) bootstrapped624

over trials with 1,000 repetitions and applying a Spearman-Brown correction 2r/(1 + r)625

where r is the Pearson correlation between the data splits (Brown, 1910). We found that626

the IRR was .84 (95% CI [.83, .85]).627

MDS Visualization. Here and in later sections, we provide two-dimensional628

multidimensional scaling (MDS) visualizations of the human and model similarity matrices.629

MDS solutions were derived using the scikit-learn MDS method (Pedregosa et al., 2011)630

with a tolerance parameter of 1e-100, and maximum iteration threshold of 10,000. We first631

applied metric MDS to derive an initial configuration which we then fed into a non-metric632

MDS run to derive the final embeddings.633

Transparency and Openness. This work was conducted in accordance with an634

approved Institutional Review Board protocol (Princeton University, #10859). All data635

and code can be accessed via the following OSF link.7 The study was not preregistered.636

Results637

We first looked at how each model training approach can approximate human638

similarity (Figure 6C). Specifically, we collected human similarity judgments of the639

quadrilateral stimuli from Sablé-Meyer et al. (2021) (see Methods) and measured their640

correspondence with similarity scores derived from a CorNet model trained with generative641

similarity (GenSim) and simple baseline contrastive learning (SimCLR). To quantify642

similarity for the models, we used the cosine similarity between image embeddings, a643

7 https://osf.io/srmn3/overview?view_only=1d55cecc30ef4b9b9156267480c83c7d

https://osf.io/srmn3/overview?view_only=1d55cecc30ef4b9b9156267480c83c7d
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standard way to measure similarity in high-dimensional embedding spaces learned in644

machine learning models (Mikolov et al., 2013). We found that this correspondence was645

higher for the GenSim model (Spearman’s ρ = 0.653, p < 0.001) than the baseline SimCLR646

model (Spearman’s ρ = 0.475, p < 0.001).647

The geometric regularity effect observed for humans in Sablé-Meyer et al. (2021)648

was a close correspondence between the number of geometric regularities and error rates.649

For example, humans performed best on the most regular shapes, such as squares and650

rectangles and worst on the least regular shapes, such as trapezoids. In Figure 6D (right),651

we show the correspondence between these regularities and the error rates of a CorNet652

model finetuned on generative similarity (GenSim) and baseline contrastive learning653

(SimCLR). We also show the error rate correspondence between the two models and adult654

human participants (Figure 6D, left) from the experiment of Sablé-Meyer et al. (2021).655

Like humans, the model error rates for the GenSim CorNet model significantly increase as656

the shapes become more irregular (Spearman’s ρ(9) = 0.88, p = 0.0003). This is not the657

case for the model finetuned with SimCLR (Spearman’s ρ = 0.246, p = 0.467).658

To get a visual sense of this correspondence, we apply multidimensional scaling659

(MDS; Shepard, 1980) to the resulting similarity matrices of humans and trained models660

(Figure 6E). SimCLR seems to put each quadrilateral category into completely661

independent and separate cluster. Although humans do this as well, these clusters are more662

“blended together” for irregular stimuli (e.g. trapezoids, hinges, etc.). The GenSim model663

also exhibits a similar pattern, better reflecting the human psychological space than the664

baseline SimCLR model, consistent with the quantitative analysis.665

Sablé-Meyer et al. (2021) in their original work compared human and monkey error666

rates in the oddball task to CorNet models that were finetuned on a supervised667

classification objective. We show this comparison in Figure 7A, along with those of a668

CorNet model trained with GenSim and SimCLR finetuning objectives (see Appendix I for669

more details on the training of our models). Again, like humans, the model error rates for670
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A Mean Error Rates Across Quadrilateral Type
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Figure 7

Error rates for individual quadrilateral types across models. A. Mean error rates per

quadrilateral type on the oddball task, ordered from most regular to least regular shapes.

Sablé-Meyer et al. (2021) found that human error rates systematically increase as the

regularity of the reference quadrilaterals decreases, whereas those of non-human primates

do not. We use this same evaluation for a CNN model with different finetuning objectives,

reporting the Spearman rank correlation between model performance and number of

geometric regularities across quadrilateral type (see Supplementary Table I1 for these

values). Only the model with the generative similarity (GenSim) finetuning objective

exhibited a significant human geometric regularity effect. Error bars denote standard errors

over 10 training runs, red line shows chance-level error rate. B. Correlation between model

error rates and human or monkey error rates. Error bars are standard errors. Supervised is

the most monkey-like whereas GenSim is the most human-like.

the GenSim CorNet model significantly increase as the shapes become more irregular671

(Spearman’s ρ(9) = 0.88, p = 0.0003). This is not the case for the model finetuned with672

supervised classification (Spearman’s ρ(9) = 0.472, p = 0.142), highlighting the fact that673

not all supervision can induce the right human inductive bias. When correlating the error674

rates of the finetuned models with those of humans and monkeys (Figure 7B), we see an675

interesting double dissociation between the GenSim and supervised settings. Specifically,676

the GenSim-trained CorNet model’s error rates match human error rates significantly more677
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than monkey error rates (t(18) = 12.45, p < 0.0001), whereas, in line with the findings of678

Sablé-Meyer et al. (2021), those of the supervised CorNet model match monkey error rates679

significantly more than human error rates (t(18) = 17.43, p < 0.0001).680

Application 2: Learning Abstract Geometric Concepts and Relations Defined681

by Probabilistic Programs682

Background683

Our next domain builds on recent work that shows the limitations of current vision684

models in understanding abstract concepts of geometric stimuli, a capability that humans685

possess (Hsu et al., 2022). Hsu et al. (2022) proposed a benchmark based on a probabilistic686

programming language that synthesizes stimuli that capture intuitive geometric concepts.687

The Geoclidean Domain-Specific Language (DSL) is directly inspired by the work of688

Euclid, who formalized geometric axioms using a compass and a straight edge. The DSL689

contains three simple primitives reflecting the principles of Euclidean geometry – a point690

with an (x, y) location, a line, which is parameterized by two points, and a circle, which is691

parameterized by a center point and an edge point. Lines and circles are parametrized by692

points while points can be bound to previously built objects. This DSL can define a693

distribution of probabilistic programs that can then be rendered into images (see694

Figure 8A). Each program can be thought of as the specification for a set of geometric695

objects that have complex relations among them.696

Hsu et al. (2022) defined a set of 37 programs within this DSL that resemble697

concepts defined in Euclid’s Elements (Simson, 1838; programs provided in Appendix J).698

They then designed a few-shot generalization task where participants or models are given699

examples from a reference program and have to use these examples to correctly classify700

other images from the reference programs (positive examples) and images from different701

programs (negative examples). There were two types of programs that rendered the702

negative examples (Figure 8A): “close”, which had minimal changes with respect to the703

reference program, and “far”, which had a greater number of changes to the reference704
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Figure 8

Generative similarity over probabilistic programs enables few-shot reasoning of abstract

geometric concepts. A. Example program, program parse tree, and rendered generations

from the Geoclidean DSL. In the Geoclidean classification task, participants or models are

given examples from a reference program. They have to successfully distinguish between

examples from the reference program and two types of negative examples – ones from a

“close” program and ones from a “far” program (see Methods). B. Correspondence between

human similarity judgments and model similarity scores (as determined by cosine similarity

between image embeddings). C. Performance of contrastive embeddings in correctly

classifying reference program images. Green lines indicate mean human accuracy and error

bars denote standard error over training runs. D. MDS embeddings derived from similarity

judgments in humans and both GenSim and the SimCLR baseline.

program. This task is designed to probe the intuitive understanding of geometry, as705

evidenced by the ability to generalize from a limited set of examples to new instances. Hsu706

et al. (2022) demonstrated that humans show a robust capacity for such generalization707
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across 37 different concepts, suggesting a natural sensitivity to the hierarchical structure708

and part relations inherent in Euclidean geometry. Conversely, they found that pretrained709

vision models struggle with few-shot generalization in this context. We will show next how710

generative similarity can close the gap by inducing more human-like representations.711

Methods712

Generative Similarity. Computing generative similarity over a process in which713

probabilistic programs are sampled and then stimuli are generated from those programs is714

challenging and does not admit a closed-form formula. However, we can still derive715

representations by relying on tractable proxies and Monte Carlo sampling. Indeed, the716

syntactic structure of the Geoclidean programs sufficiently describes the relations between717

the primitive objects (point, circle, and line) necessary to correctly categorize images as718

belonging to a particular program. Given this, we formulated a Context-Free Grammar719

(CFG) from the Geoclidean DSL that can parse the Geoclidean programs into parse trees720

(see Appendix K for the full CFG grammar). If we interpret the Geoclidean programs as721

samples from this CFG, their generative similarity will be based on sharing the same722

production rules or, equivalently, shared substructures in their parse trees. As an723

implementation of this measure, we used the Fast Tree Kernel (FTK) by Moschitti (2006),724

which recursively computes the number of shared subtrees in two parse trees to determine725

their similarity. Thus, generative similarity between two images becomes that of the parse726

tree similarity of their underlying programs. We note that an alternative approach based727

on Monte-Carlo sampling could instead randomly sample programs and then produce728

same-different image triplets from them for training (Equations (33) - (34)). This approach729

is closely related to supervised contrastive learning (SupCon; Khosla et al., 2020) and we730

explore it in Appendix O.731

Model Training and Evaluation. The loss function used for model training was the732

mean squared error between the cosine similarity of two rendered images’ embeddings and733

the tree kernel similarity of the images’ respective generative programs. We used the 37734
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geometric concepts presented in the original Geoclidean work for our experiments (see735

Appendix J for the full list and their respective programs). We randomly held-out 7736

concepts for testing our models and generated a dataset of 100, 000 images that were737

random samples from the 30 training concepts (around 3000 images per concept). We used738

a pretrained ResNet-50 architecture for our experiments (He et al., 2015), a model shown739

in the original Geoclidean work to do poorly at the benchmark. As before, we had a740

baseline model trained on the SimCLR objective (Chen et al., 2020). The SimCLR741

objective produces augmented versions of an image (e.g. random cropping, rotations,742

Gaussian blurring, etc.) with the goal of making representations of an image and its743

augmented version as similar as possible and representations of different images as744

dissimilar as possible. See Appendix L for additional technical details. Beyond the task of745

Hsu et al. (2022), we also evaluated how well each model is capable of predicting direct746

human similarity judgments by correlating the cosine similarity of embeddings against747

human ratings.748

Participants. For the few-shot generalization task of Hsu et al. (2022), the authors749

recruited N = 30 Prolific participants. Participants were required to be at least 18 years of750

age, however, no further demographic information was provided. For the similarity751

judgment task, we recruited N = 65 US participants from Prolific (33 self-identified as752

man, 29 as woman, and 3 as other). The age statistics were: Mean = 40.0, SD = 12.8,753

Range = 20 − 73 years. Participants were paid at a rate of 12 USD per hour, and they754

provided informed consent prior to participation in accordance with an approved Princeton755

University IRB protocol (#10859).756

Stimuli. The stimuli for the few-shot generalization task comprised 5 reference shapes per757

concept that were randomly generated from each program provided in Appendix J758

(example stimuli are shown in Figure 8). In addition, there were 15 test stimuli per concept759

that were divided into 5 positive examples (i.e., generated from the same concept program),760

5 “close” negative examples (generated by altering a small number of the constraints of the761
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reference program), and 5 “far” negative examples (generated by altering a larger number762

of the constraints of the reference program; additional details can be found in Hsu et al.,763

2022). As for the similarity task, it comprised 35 unique stimuli (i.e., 35 × 34/2 = 595764

unique pairs) corresponding to 5 realizations from each of the 7 held-out concepts that765

were not part of the model training sets (indicated with four asterisks in Appendix J).766

Procedure. In the few-shot generalization task (Hsu et al., 2022), participants covered all767

concept sets in random order. In each concept-set trials corresponding to the 15 test768

stimuli, participants received the following the instructions: “Each of the five images shown769

is a ‘wug’. Is the image below a ‘wug’ or not a ‘wug’?”, where ‘wug’ corresponded to a770

random nonsense word (per concept set). Participants provided their response by selecting771

an option. As for the similarity task, participants received the following instructions: “In772

this study, we are studying how people perceive geometric relations. Your task is to rate773

the similarity between different pairs of geometric relations. You will have seven response774

options, ranging from 0 (‘Completely Dissimilar’) to 6 (‘Completely Similar’). Choose the775

one you think is most appropriate. Note: no prior expertise is required to complete this776

task, just choose what you intuitively think is the right answer.” Participants were then777

present with 9 random stimuli to help familiarize them with the shapes. Then, they778

completed up to 100 trials, each responding to the query: “How similar are the following779

pair of geometric relations?”. The pairs were randomly selected, and the order of the780

images within each pair was randomized. In total, we collected 5,950 similarity judgments781

with an average of 10 judgments per pair. As before, we averaged the responses per pair782

and divided by a factor of 6 to derive the final similarity matrix. The resulting split-half783

IRR was .93 (95% CI [.92, .94]).784

Results785

We begin by analyzing the models’ ability to predict human similarity judgments786

over held-out geometric concepts (see Methods). The results are shown in Figure 8B. We787

found that both the generative-similarity-trained model (GenSim) and the SimCLR-trained788
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baseline provided high correlations with human data (ρ = 0.837, p < 0.0001 and789

ρ = 0.763, p < 0.0001, respectively) with GenSim providing greater correspondence (see790

Appendix L for more details on the training of our models). This can also be seen visually791

in the MDS plots of the similarity data (Figure 8D). In particular, while the human and792

GenSim MDS solutions appear to separate certain abstract classes more strictly (e.g.,793

different arrangements of lines, or relations between lines and circles), SimCLR appears to794

smoothly organize the stimuli based on their low-level properties.795

Moving next to the few-shot generalization task of Hsu et al. (2022) which requires796

a finer sensitivity to geometric relations, we used test programs held out from training to797

evaluate our models using the exact same procedure as Hsu et al. (2022) (Figure 8C; see798

Methods). In particular, we computed the mean embedding across 5 reference images from799

a test program (“the prototype”) and measured the distance between a given image’s800

embedding (to be classified; see Procedure) and the program prototype. The image was801

then classified by comparing its distance value against a certain threshold that was fit to802

maximize model classification accuracy (Hsu et al., 2022, did this to bias accuracy in favor803

of the models over humans, and we replicate this process across all of our models to ensure804

fair comparison across models).805

The GenSim model, though still below human accuracy, substantially outperformed806

SimCLR at classification (GenSim: 79.5% ± 0.9 Far image accuracy and 74.9% ± 0.78 Close807

image accuracy; SimCLR: 66.6% ± 0.4 Far image accuracy and 63.4% ± 0.67 Close image808

accuracy; errors are standard errors). To our knowledge, this is the current state-of-the-art809

accuracy on the Geoclidean benchmark, although it is important to note that Hsu et al.810

(2022), did not finetune their models on the task. In the supplement (Figure O1), we also811

compare our models against the Monte-Carlo approximation approach (see Methods) which812

closely aligns with supervised contrastive learning (Khosla et al., 2020). We found that this813

model achieves comparable performance on the similarity task, and falls between SimCLR814

and GenSim in the few-shot generalization task, consistent with our expectation.815
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Application 3: Learning Semantic Hierarchies Underlying Natural Images816

Background817

Humans leverage complex semantic hierarchies to reason about their sensory818

environment (e.g., living organism → animal → mammal → dog; Murphy, 2004; Peterson819

et al., 2018; Tenenbaum et al., 2011). Consequently, these hierarchical structures are820

reflected in many large machine learning datasets, most notably ImageNet (Deng et al.,821

2009) which builds on the WordNet8 object hierarchies originating in cognitive science822

(Fellbaum, 1998; Miller, 1995; Figure 9A). However, most vision models trained on this823

dataset do not take into account relations between categories in the hierarchy but rather824

treat categories independently. We will next show how training models on generative825

similarity with contrastive learning can enable capturing such semantic hierarchies and826

better predicting human judgments.827

Methods828

Generative Similarity. Since ImageNet stimuli are organized into a tree hierarchy829

according to WordNet (Fellbaum, 1998; Miller, 1995), a natural generative process for830

sampling images involves probabilistically traversing the tree hierarchy from the root to a831

leaf (i.e., a class without any additional subcategories; Figure 9A), and then uniformly832

sampling an image that is associated with that leaf (and its parent categories). At each833

level k in the tree hierarchy, we uniformly sample a branch with probability pk (i.e., one834

over the number of available branches at that level) to proceed on to the next level. A835

single image can thus be described by multiple categories associated with different tree836

levels (e.g., a spider image is also an arthropod as well as an invertebrate and an animal).837

In Appendix M, we show that the generative similarity between two images xi and xj838

under the aforementioned sampling process is given by839

s(xi, xj) = 1
K

(
1
p1

+ 1
p1p2

+ · · · + 1
p1p2 . . . pK

)
(35)

8 https://wordnet.princeton.edu/

https://wordnet.princeton.edu/
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where K is the depth of the lowest common category (or “ancestor”) between xi and xj840

(i.e., their “separation depth”) and p1, . . . , pK are the probabilities of choosing each branch841

along the path (which we take to be uniform per branching point). Note that since pi ≤ 1842

it follows that the deeper the separation depth between two stimuli, the larger their843

similarity will tend to be (for example, in the case of a binary tree where pi = 1/2 for all i844

we have s(xi, xj) = 2(2K − 1)/K which is exponentially increasing).845

Model Training and Evaluation. We defined a loss function based on the mean846

squared error between the embedding cosine similarity of image pairs xi, xj and847

log[s(xi, xj)] where s(xi, xj) is their generative similarity. To show that generative848

similarity with contrastive learning can enable learning of embeddings that encode849

hierarchal image categories, we trained a ResNet-50 model on the standard ImageNet-1k9
850

dataset using this loss function. Moreover, we used SimCLR (with the same architecture851

and training data) as a domain-agnostic baseline. In Appendix O (see also Figure O2) we852

also consider a Monte-Carlo training scheme where we employ a triplet loss based on image853

categories (i.e., WordNet leaves; one anchor image, one positive image from the same854

category, and one negative image from a different category) which is equivalent to855

supervised contrastive learning (Khosla et al., 2020). See Appendix N for more details on856

the training of our models.857

To evaluate the ability of the learned embeddings to encode information about858

hierarchical categories, we fit a Linear SVM (support vector machine; Cortes and Vapnik,859

1995) on test set images to predict image categories for each tree level (i.e. we fit a different860

SVM for each level of the tree and each model). The SVM was fit for up to 100 epochs861

(stopping when the loss does not decrease by more than 1e-4 for 5 epochs). We trained the862

SVM within a three-fold cross-validation loop, evaluating classification accuracy on a863

held-out test set, and then reported the mean across the three folds. To produce an864

aggregate score across levels that takes into account the fact that chance level is different865

9 https://huggingface.co/datasets/mlx-vision/imagenet-1k

https://huggingface.co/datasets/mlx-vision/imagenet-1k
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for each level depth (since there are more categories at deeper levels), we aggregated866

performance across tree levels via the metric ∑n
i=1 log ai

ci
, where ai is the accuracy at tree867

level i, ci is chance accuracy at tree level i, and n is the number of tree levels.868

As for model evaluation against human data, we considered two datasets involving869

human judgments on ImageNet stimuli. First, the Levels Dataset of Muttenthaler et al.870

(2025) which comprises odd-one-out judgments on image triplets that span three different871

levels of abstraction: “coarse-grained” where each image is from a different ImageNet872

category, “fine-grained” where all images are from the same category, and “class-boundary”873

where two images are from the same category and one is from a different category. For874

each trial, if the participant chooses an option a out of three images a, b, c, we use our875

models’ embeddings to compute softmax[cos(a, b), cos(a, c), cos(b, c)] where cos is the cosine876

similarity between the respective images’ model embeddings. We then report the877

softmaxed cos(b, c) as the model’s likelihood for the participant’s choice (since the878

participant determined a is the odd-one-out). The softmax temperature was chosen as879

τ = α × rt, where rt is the amount of time the human participant used to make a decision880

and α is a subject-specific parameter we grid-search over for each human participant to881

maximize the mean likelihood over choices across trials. We fit a separate α for each882

participant and each model to ensure a fair comparison across models. Second, we collected883

a dataset of pairwise similarity judgments over images from the ImageNet-1k test set (see884

below). We then correlated model embedding similarity against human similarity885

judgments as in prior experiments.886

Participants. The Levels dataset (Muttenthaler et al., 2025) comprised data from887

N = 473 Prolific participants (202 female, 269 male, 2 other). The reported age statistics888

were Mean = 31.8, SD = 8.0 years. For the pairwise similarity task we recruited N = 127889

US participants from Prolific (52 men, 66 women, 9 other; age statistics: Mean = 41.3,890

SD = 13.5, Range = 21 − 77 years). All participants provided informed consent prior to891

participation in accordance with an approved Princeton University IRB protocol (#10859),892
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Figure 9

Generative similarity helps encode natural image hierarchies. A. WordNet (Fellbaum,

1998; Miller, 1995) gives a hierarchy that spans multiple semantic levels. The object

categories in the classic ImageNet dataset (Deng et al., 2009) are sampled from different

places on the WordNet tree. B. Correspondence between human similarity judgments and

GenSim and SimCLR. C. Mean classification accuracy over chance across tree levels.

Chance accuracies are denoted by red lines; note that these decrease as one goes deeper into

the WordNet tree since the number of categories increases. Error bars denote standard

error across model training runs. D. Mean model likelihood across human participants’

choices on the Levels dataset (Muttenthaler et al., 2025), where participants did

odd-one-out judgments at three different abstraction levels in which they were given three

images and chose what they believe is the odd-one-out. The likelihood is based on computing

the model embedding similarity between the pair of images the participant believed were not

the odd-one-out (see Methods). We found that the GenSim model better accounted for

human behavior. Error bars are standard errors across human subjects. E. MDS

embeddings derived from human and model similarity.
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and they were paid at a rate of 12 USD per hour.893

Stimuli. The ImageNet-1k dataset (Deng et al., 2009; Russakovsky et al., 2015) is one of894

the most commonly used subsets of ImageNet. It contains 1,000 object classes, 1,281,167895

training images, 50,000 validation images, and 100,000 test images (additional details can896

be found here10). As for the Levels dataset (Muttenthaler et al., 2025), triplets were897

constructed by first grouping ImageNet into 717 course-grained WordNet superclasses to898

stratify sampling (e.g., all dog breeds would fall under the single category dog). Then,899

different triplet types were produced by sampling one, two, or three images from sampled900

classes (without replacement). In total, there were 450 trial sets, with each trial presented901

across 5 participants (additional details can be found in Muttenthaler et al., 2025). Finally,902

for the pairwise similarity stimuli, these comprised 50 images (i.e., 50 × 49/2 = 1225 unique903

pairs) which spanned 10 random categories with 5 random images per category from the904

ImageNet-1k test set.905

Procedure. In the odd-one-out task of Muttenthaler et al. (2025), participants completed906

330 experiment trials. In each trial, participants observed a fixation cross for 1 second,907

followed by a triplet. They were then instructed to select the “odd-one-out” image using908

the left, down, and right arrow keys on their keyboard. Responses were accepted within909

1-15 seconds after triplet onset, and reaction time was recorded. The pairwise similarity910

task had an analogous structure to the previous domain. Upon providing informed consent,911

participants received the following instructions: “In this study, we are studying how people912

perceive images. Your task is to rate the similarity between different pairs of images. You913

will have seven response options, ranging from 0 (‘Completely Dissimilar’) to 6914

(‘Completely Similar’). Choose the one you think is most appropriate. Note: no prior915

expertise is required to complete this task, just choose what you intuitively think is the916

right answer.” Participant then were presented with 9 random stimuli to help familiarize917

them with the domain. They then completed up to 100 random trials, in each responding918

10 https://huggingface.co/datasets/mlx-vision/imagenet-1k

https://huggingface.co/datasets/mlx-vision/imagenet-1k
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to the query “How similar are the following pair of images?”. Overall, we collected 12,250919

human responses, with an average of 10 judgments per pair. The human IRR was .90 (95%920

CI [.89, .91]).921

Results922

The correspondence between the models’ pairwise embedding similarity and human923

similarity judgments is shown in Figure 9B (see Methods). As in the previous domains, we924

found that the generative similarity-trained model (GenSim) outperformed SimCLR in its925

ability to predict human data (ρ = 0.260, p < 0.0001, and ρ = 0.156, p < 0.0001,926

respectively; a visualization of the MDS solutions for the human and model similarity927

matrices are provided in Figure 9E). Although the correlations are moderate, we emphasize928

that the domain is high-dimensional and contains 1,000 categories, and our predictions929

were derived without training on any human data.930

Next, to quantify how much the embeddings have encoded hierarchical categories,931

we used the learned models’ embeddings to train a Linear SVM classifier to predict932

categories from image embeddings at different tree depths (i.e. different levels of933

abstraction; see Methods). Individual accuracies across tree levels are shown in934

(Figure 9C). The model trained with generative similarity had overall higher accuracy in935

predicting categories across WordNet tree levels than the SimCLR baseline. To quantify936

that, we computed an aggregate score that normalizes accuracy relative to chance level at937

each depth (since there are more categories at lower levels; see Methods). As hoped,938

GenSim indeed produced a higher score (score = 1.94, SE = 0.035) than SimCLR939

(score = 0.78, SE = 0.014).940

Finally, we evaluated the models’ ability to predict human behavior in odd-one-out941

judgments that span different levels of abstraction. To do so, we used the Levels dataset of942

Muttenthaler et al. (2025) (Figure 9D; see Methods). In this dataset, humans perform an943

odd-one-out judgment on image triplets that are sampled at three different levels of944

abstraction. In “fine-grained” triplets, all images are from the same ImageNet category. In945
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“coarse-grained”, they are from different categories. In “class-boundary”, two images are946

from the same category and one image is from a different category. We used a softmax947

function based on the embedding cosine similarity of each image pair to decide on the948

odd-one-out (see Methods). Our results, shown in Figure 9D, indicate that the GenSim949

model has a higher likelihood for human choices across all three triplet types. In particular,950

the mean (± standard error) GenSim and SimCLR scores, respectively, were951

0.415 ± 0.006, 0.368 ± 0.004 for “fine-grained”, 0.428 ± 0.01, 0.373 ± 0.005 for952

“coarse-grained”, and 0.419 ± 0.011, 0.376 ± 0.005 for “class-boundary”.953

In Supplementary Figure O2, we provide additional results for a supervised954

contrastive learning baseline (SupCon). Recall that this model corresponds to a generative955

process that relies on the lowest level of the WordNet hierarchy (i.e., sampling ImageNet956

classes and then sampling images from those classes to train on a triplet loss function).957

Interestingly, we found that the model resulted in higher correlations than GenSim in the958

pairwise similarity prediction task (ρ = 0.392, p < 0.0001), but underperformed GenSim in959

the category classification task across different tree depths (score = 1.67, SE = 0.12;960

GenSim performed significantly better than SupCon across different training runs,961

t(8) = 2.225, p = 0.028), as well as in predicting human behavior across participants on the962

odd-one-out task from the Levels dataset (t(435) = 9.33, p < 0.0001).963

Discussion964

We have provided a general Bayesian framework for formulating similarity as965

inference over generative processes. We showed that this approach can not only unify and966

illuminate classical results from the literature such as Shepard’s universal law (Shepard,967

1987), Tversky’s feature model (Tversky, 1977), and Gaussian theories of categorization968

(Nosofsky, 1986) by tying each to specific choices of generative models, but, when969

combined with modern contrastive learning (Chen et al., 2020), it can also provide the970

right training signal for learning representations that better predict human judgments and971

support human-like generalization and abstraction.972
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Our generative framework provides a complementary account to the973

generalization-based formulation of similarity put forth by Shepard (1987) and its974

subsequent Bayesian reformulation by Tenenbaum and Griffiths (2001). Indeed, the975

generative account provides comparable explanatory power to that of Tenenbaum and976

Griffiths (2001), unifying featural and spatial models of similarity and allowing extensions977

to multi-item settings, but it also avoids the problem of relying on “blank” properties (e.g.,978

having an enzyme; Kemp and Tenenbaum, 2009; Osherson et al., 1990) that are needed to979

specify similarity as generalization in a default context. Instead, similarity is directly (and980

transparently) linked to the agent’s assumptions about how stimuli are generated.981

Nonetheless, we should highlight that the two accounts are not necessarily at odds,982

especially if generative assumptions are tied to possessing certain properties (e.g., having983

whiskers and being generated from the distribution of cats).984

Our work also extends the line of psychological research aimed at deriving985

representations from similarity data, as exemplified by techniques such as986

multi-dimensional scaling (Shepard, 1980) and additive clustering (Shepard & Arabie,987

1979). By combining generative similarity with a suitable algorithmic framework, namely988

contrastive learning (Chen et al., 2020; Oord et al., 2018), we are able to harness the989

flexibility of modern machine learning for deriving representations. In particular, the990

generative-contrastive framework enables (i) deriving encoders that can embed new unseen991

data, (ii) handling cases in which not all pairwise stimulus similarities are available, (iii)992

capturing complex domains that are parametrized by probabilistic programs, and (iv)993

leveraging psychological insight to train human-aligned models.994

Our findings support and significantly expand previous explorations of generative995

similarity (Destler et al., 2023; Kemp et al., 2005). We extend the work of Kemp et al.996

(2005) by systematically situating generative similarity within the broader literature,997

delineating its connection to other Bayesian accounts (Tenenbaum & Griffiths, 2001), as998

well as to foundational findings (e.g., Shepard’s universal law and metric violations in999
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semantic organization; Shepard, 1987; Tversky and Hutchinson, 1986). We also provide1000

concrete strategies for handling cases in which the Bayesian computations are not1001

tractable, a necessary ingredient for many practical applications of generative similarity1002

(e.g., in the case of geometric relations that are parameterized by probabilistic programs1003

discussed earlier). We also extend the work of Destler et al. (2023) who explored generative1004

similarity in the context of skeleton-based accounts of shape similarity. By combining1005

generative similarity with contrastive learning, we are able to significantly expand its1006

applicability to other domains by harnessing modern machine learning.1007

Our work also has implications for the growing literature on representational1008

alignment in machine learning (Sucholutsky et al., 2023). As noted earlier, contrastive1009

learning is a widely used framework for representation learning (Chen et al., 2020; Gao1010

et al., 2021; Khosla et al., 2020; Oord et al., 2018), and some recent work combines it with1011

substantial amounts of human data (e.g., similarity judgments) to achieve better human1012

alignment (e.g., Hebart et al., 2020; Jha et al., 2023; Muttenthaler et al., 2024). Our work1013

suggests that when a psychologically-motivated generative model is available, one can1014

leverage generative similarity and contrastive learning to improve human alignment1015

without relying on any expensive and large-scale human data. Moreover, our experiments1016

in the quadrilateral domain suggest that not all intuitive types of supervision necessarily1017

lead to more human-aligned representations (since we found that training on generative1018

similarity, but not on a supervised classification objective, lead to human-like error1019

patterns; Figure 7).1020

Limitations and Future Directions1021

We end by discussing some potential limitations of the present work, how they may1022

be addressed, and future research directions that they point towards.1023

Specifying a Hierarchical Generative Model1024

The starting point of our formulation is a hierarchical generative model of the data1025

where distributions are sampled and then stimuli are generated from them. Specifying such1026
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a model may not always be straightforward, and in some cases it may not be applicable (at1027

least without some modifications). For example, consider domains such as monochromatic1028

colors or tone pitch, both of which may be thought of as a single distribution capturing1029

some natural statistics, with the similarity between pairs deriving from low-level perceptual1030

processing constraints. Although this may indeed be the leading contributor to similarity1031

in such domains, it is conceivable that generative considerations would still play a role in1032

shaping the representation given a suitable context (e.g., by reasoning over color concepts1033

in language; Winawer et al., 2007; Zaslavsky et al., 2018; or over musical notation systems1034

and repertoires; Jacoby et al., 2019). Future research could look into disentangling such1035

contributions to perceptual similarity and delineating the role of generative similarity1036

specifically in the organization of low-level sensory domains. Another important class of1037

extensions to consider is that of temporal processes (e.g., Markov processes). While these1038

do not admit a simple hierarchical structure at face value, generative-contrastive1039

techniques have recently been proposed in the machine learning literature to address such1040

settings (intuitively, two states x0 and xT are similar to the extent that a temporal process1041

starting at x0 would also generate xT ; Eysenbach et al., 2024). Connecting such contrastive1042

learning techniques to cognitive modeling is a promising avenue for future work.1043

Uncertainty in the choice of generative model could be addressed via additional1044

behavioral experiments. Naturalistic multimodal domains with rich underlying semantics1045

(e.g., videos, or musical excerpts; Marjieh et al., 2023; Margulis et al., 2022) are a good1046

example of this: Modern human-in-the-loop paradigms (e.g., STEP-Tag; Marjieh et al.,1047

2023) provide effective ways for deriving semantic taxonomies akin to WordNet from a1048

given set of stimuli. Such taxonomies can then be used to specify a generative process over1049

a semantic hierarchy as in the ImageNet domain.1050

Specifying a Process Model1051

In the present work we were mostly concerned with the structure of generative1052

similarity and the way it can be used to derive human-like representations. However, a1053
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follow-up question to address is that of the process by which humans learn to encode1054

generative similarity given the latent structure of the environment, and the way their1055

representations can support the relevant Bayesian computations. Our Monte Carlo1056

formulation (Equations 33 - 34) provides a clear avenue for a process model. It suggests1057

that a learner that is given a stream of “same - different” triplets sampled from the1058

environment, and who seeks to encode “same” stimuli close together, and “different”1059

stimuli further apart, will eventually encode the structure of generative similarity in its1060

representation (see also Appendices E - G). This idea is further supported by a growing line1061

of work on contrastive representations that demonstrates how these can encode probability1062

density ratios such as those used to define generative similarity (i.e., p(x, y)/p(x)p(y)), and1063

the way they implement Bayesian inference (Che & Eysenbach, 2025; Eysenbach et al.,1064

2024; Ma & Collins, 2018; Poole et al., 2019). Future work could more closely explore the1065

link between this literature and generative-contrastive learning as a process model.1066

Accounting for Context Effects1067

Another question that we did not explore is that of context effects on similarity1068

(Giallanza et al., 2025; Goldstone et al., 1997; Rogers & McClelland, 2004; Rumelhart &1069

Todd, 1993) and the way they can influence the kinds of generative models that people1070

consider. One interesting manifestation of this can be seen in the natural images domain.1071

On the one hand, we found that pairwise similarity judgments are best predicted by a1072

model that is trained on the lowest level of the WordNet hierarchy (i.e., a generative1073

process in which ImageNet classes are sampled and then images are generated from them).1074

However, when modeling human judgments in a triplet odd-one-out task that spanned1075

multiple classes, this model underperformed the more complex one that takes advantage of1076

the full WordNet hierarchy. This suggests that depending on task demands, participants1077

may consider different levels of generative complexity, e.g., by modulating the weights they1078

assign to the different branches (or levels) in the semantic hierarchy (possibly akin to1079

selective attention; Nosofsky, 1992), or by restructuring their generative representation1080



GENERATIVE SIMILARITY, GENERALIZATION, AND ABSTRACTION 51

based on an inferred context (similar to connectionist models of semantic cognition;1081

Giallanza et al., 2025; Rogers and McClelland, 2004), which could be a meaningful target1082

for future modeling work.1083

Extending to Other Modalities1084

Although varied, our domains were limited to the visual modality as it is the most1085

widely studied. However, our generative-contrastive approach can be equally applied to1086

other modalities. Indeed, contrastive techniques have been successfully deployed in1087

numerous domains such as audio, video, and language (Gao et al., 2021; Oord et al., 2018;1088

Radford et al., 2021). Moreover, semantic hierarchies, as well as probabilistic grammars1089

similar to those studied in the present work, are also available for many domains (e.g.,1090

video: Caba Heilbron et al., 2015; audio: Gemmeke et al., 2017; language: McCoy and1091

Griffiths, 2023; Yang and Piantadosi, 2022). By combining the two, it should be possible to1092

extend the application of generative similarity to other modalities.1093

Extending to Other Populations1094

Finally, we note that our participant cohort was restricted to Western populations.1095

An exciting avenue for future work could be to explore how generative assumptions vary1096

cross-culturally, and how that may impact the resulting generative similarity. This is1097

particularly promising in the context of semantic organization underlying rich sensory1098

domains such as music where the semantics are known to vary across cultures (Margulis1099

et al., 2022). Combining generative similarity with semantic mining techniques such as1100

STEP-Tag (Marjieh et al., 2023) could provide a way to explore this space.1101

Conclusion1102

Generative processes provide a strong organizing principle underlying complex and1103

changing sensory environments. By reasoning about the processes that produced the1104

stimuli around them, humans form effective representations of the world that support1105

generalization and abstraction. By formulating this idea using Bayesian inference, we1106

showed how foundational and at times conflicting notions of psychological similarity can be1107
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unified under a single formalism and differentiated by the assumptions they make about1108

how stimuli are generated.1109
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Appendix A

Proof of Convexity

Our goal is to show that the Bayesian similarity measure of Tenenbaum and Griffiths1337

(2001), i.e., sg(x, y) = s0
∑

h:x,y∈h
1

|h|π(|h|), as well as our measure of generative similarity1338

sgen(x, y) = s2
0
∑

h:x,y∈h
1

|h|2 π(|h|) both yield monotonically decreasing convex functions of1339

the separation between x and y. To do so, we will show that any similarity function of the1340

form s(x, y) = ∑
h:x,y∈h f(|h|) where f(|h|) is some non-negative function (and strictly1341

positive for at least some value |h0| since π(|h|) is a probability distribution that must sum1342

to 1) for which the sum s is finite and h are convex (i.e., if x, y ∈ h then the line connecting1343

them is also in h) satisfies this requirement. We will show this for a single dimension first,1344

but equivalent arguments can be made in higher dimensions (see below) by generalizing1345

consequential intervals into higher-dimensional regions and choosing an appropriate1346

coordinate system.1347

In analogy to Tenenbaum and Griffiths (2001), let us consider a one-dimensional1348

line Λ(∆) discretized to small units 0 < ∆ ≪ 1 (Figure A1A). To show that s is decreasing,1349

we need to prove that s(x, y) ≥ s(x, y + ∆) (with strict inequality for at least some value).1350

Without loss of generality let us assume that x < y. In this case, we have1351

s(x, y) − s(x, y + ∆) =
∑

h:x,y∈h

f(|h|) −
∑

h:x,y+∆∈h

f(|h|) (A1)

Now, since by definition x, y are contained in the interval [x, y + ∆], it follows that any1352

convex consequential region h containing x, y + ∆ (and hence [x, y + ∆]) must also contain1353

x, y but not vice versa. This means that we can write1354

∑
h:x,y∈h

f(|h|) =
∑

h:x,y+∆∈h

f(|h|) + R∆ (A2)

where R∆ ≥ 0 is some non-negative residue because f(|h|) is non-negative. From here it1355

follows that1356

s(x, y) − s(x, y + ∆) = R∆ ≥ 0 (A3)
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Figure A1

Schematic of the one-dimensional proof construction. A. Discretized one-dimensional

psychological space (in units of ∆) along with example consequential regions that jointly

contain stimuli x and y. B. Consequential intervals contributing to the residue R∆.

Since this holds for any y and f(|h|) is strictly positive for at least some value, we conclude1357

that s(x, y) is decreasing as desired. Next, to show that s(x, y) is convex, we need to show1358

that it is decelerating (i.e., it has a non-negative second derivative). In finite difference1359

form, this amounts to showing that s(x, y) − s(x, y + ∆) is never smaller than1360

s(x, y + ∆) − s(x, y + 2∆) (and strictly larger for some values). If we denote |y − x| = n∆1361

for some integer n > 0, then observe that the residue R∆ (i.e., the difference between the1362

terms of s(x, y) and s(x, y + ∆)) corresponds to all intervals that contain x, y but not1363

y + ∆. These are tantamount to all consequential intervals h of length n∆ or larger that1364

end on y and contain x (if they extended beyond y then they contain y + ∆ and hence1365

cancel out in the difference; Figure A1B). Thus,1366

s(x, y) − s(x, y + ∆) = f(n∆) + f((n + 1)∆) + . . . (A4)

Likewise, we have1367

s(x, y + ∆) − s(x, y + 2∆) = f((n + 1)∆) + f((n + 2)∆) + . . . (A5)
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From which it follows that1368

[s(x, y) − s(x, y + ∆)] − [s(x, y + ∆) − s(x, y + 2∆)] = f(n∆) ≥ 0 (A6)

and since f is strictly positive for at least some values, we arrive at the desired result.1369

x
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1

h1

1
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1

h3

1

r̂

1

Figure A2

Two-dimensional construction. The regions h1, h2, h3 are the smallest consequential regions

containing both x and y.

To generalize this analysis to higher dimensions, we choose a coordinate system in1370

which one of the axes is along the line connecting the points x, y and work with a finely1371

discretized multi-dimensional lattice Λ(∆) (Figure A2). We will show the proof first for a1372

natural extension of consequential intervals to consequential hypercubes along the lattice1373

axes (in two dimensions these are just squares which satisfy the convex set assumption),1374

and then provide a more general proof.1375

Our goal is to show that along the axis connecting x and y, which we denote by the1376

unit vector r̂, the similarity function is decreasing and decelerating. Showing that it is1377
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decreasing is straightforward. Since y is along the line connecting x and y + ∆r̂, any1378

convex consequential region connecting x and y + ∆r̂ must also contain y, from which it1379

follows as in the one dimensional case that s(x, y) ≥ s(x, y + ∆r̂) (the strict inequality for1380

some cases due to the positivity properties of f remains unchanged here and below). As for1381

the deceleration property, we need to show that the residue s(x, y) − s(x, y + ∆r̂) is larger1382

than the residue s(x, y + ∆r̂) − s(x, y + 2∆r̂). We will show this explicitly in1383

two-dimensions and provide a more general proof afterwards. Let us denote the separation1384

between x and y along r̂ as n∆. Next, observe that the residue s(x, y) − s(x, y + ∆r̂)1385

follows from all the squares that contain x and y but not y + ∆r̂ (if they did contain1386

y + ∆r̂, then from set convexity they would also contain y and cancel out between the two1387

terms). These are all the squares whose right side contains y, and there are m + 1 such1388

squares for a region of lateral width m∆ (see Figure A2 for illustration). Note that the1389

smallest possible width of a square containing x and y is n∆. Thus, we can write1390

s(x, y) − s(x, y + ∆r̂) = (n + 1)f((n∆)2) + (n + 2)f(((n + 1)∆)2) + . . . (A7)

and similarly for the second residue1391

s(x, y + ∆r̂) − s(x, y + 2∆r̂) = (n + 2)f(((n + 1)∆)2) + (n + 3)f(((n + 2)∆)2) + . . . (A8)

from which we conclude that1392

[s(x, y) − s(x, y + ∆r̂)] − [s(x, y + ∆r̂) − s(x, y + 2∆r̂)] = (n + 1)f((n∆)2) ≥ 0 (A9)

which is the desired result.1393

To prove this result more generally for any number of dimensions, we will rely on1394

the properties of convex sets. First, note that the proof for s(x, y) ≥ s(x, y + ∆r̂) remains1395

unchanged: any convex consequential region containing x and y + ∆r̂ must contain the line1396

connecting them, and hence x, y. As for the deceleration property, observe that the set of1397

consequential regions contributing to the residue s(x, y) − s(x, y + ∆r̂) corresponds to all1398

convex sets h that contain the line segment connecting x, y, but not any point along its1399
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Figure A3

The three line segments used in the general proof construction. Solid line indicates the part

of the r̂ line that should be included, and the dashed line indicates the part that must be

excluded.

extension along y + ∆r̂ (if it did, then from convexity it must contain y + ∆r̂ and thus1400

cancel out; Figure A3). Since all terms depend on the size of the consequential region but1401

not on its location, the result is identical for any line segment of size ||x − y|| = n∆ (i.e.,1402

summing over all consequential regions that contain a line segment of length n∆ but not its1403

extension along one direction), and so we denote the outcome of this sum by F (n∆). Next,1404

we can make a similar argument for s(x, y + ∆r̂) − s(x, y + 2∆r̂), with the only difference1405

being that the length of the line segment is now ||x − (y + ∆r̂)|| = (n + 1)∆ and so we1406

denote the outcome of the sum by F ((n + 1)∆). Crucially, observe that any consequential1407

region containing the line connecting x − ∆r̂ to y but not its extension beyond y makes a1408

valid contribution to s(x, y) − s(x, y + ∆r̂) (because it also contains x from convexity and1409

excludes y + ∆r̂; Figure A3), but since this line segment is of length (n + 1)∆, it makes an1410

identical contribution to s(x, y + ∆r̂) − s(x, y + 2∆r̂), i.e., F ((n + 1)∆). From here it1411

follows that F (n∆) = F ((n + 1)∆) + rn∆ ≥ F ((n + 1)∆) (the residue rn∆ corresponding to1412

all consequential regions containing x, y but neither of its line extensions beyond x or y,1413

consistent with Equations A6 and A9). This completes the proof.1414
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Appendix B

Sampling From an Indefinite Gaussian

In what follows, we reproduce the proof of Griffiths and Tenenbaum (2007) for the1415

probability of a set of points d = {x1, . . . , xn} under the assumption that they were1416

sampled from the same indefinite Gaussian N (µ, Σ) given a uniform prior over the means1417

for some large region R of size |R|, and an inverse Wishart prior with hyperparameters1418

k ≥ D and I where I is the identity matrix1419

p(µ) = 1
|R|

, p(Σ) = 1
ckD|Σ|(k+D+1)/2 exp

[
−1

2tr(Σ−1)
]

. (B1)

where ckD > 0 is a constant that depends on the hyperparameter k and the dimensionality1420

D. To compute p(d|Gaussian), we need to sum over all possible values of µ and Σ. To do1421

so, observe first that1422

p(d|µ, Σ) = 1
(2π)Dn/2|Σ|n/2 exp

(
−1

2
∑

i

(xi − µ)⊤Σ−1(xi − µ)
)

= 1
(2π)Dn/2|Σ|n/2 exp

(
−n

2 (x̄ − µ)⊤Σ−1(x̄ − µ) − 1
2tr(SΣ−1)

)

where ⊤ is the transpose operation, x̄ = 1
n

∑
i xi, and S = ∑

i(xi − x̄)(xi − x̄)⊤. The second1423

equality follows from the observation1424

tr(SΣ−1) =
∑
i,j,m

(
xi(j) − 1

n

∑
k

xk(j)

)(
xi(m) − 1

n

∑
k

xk(m)

)
(Σ−1)(mj)

=
∑
i,j,m

(
xi(m) − 1

n

∑
k

xk(m)

)
(Σ−1)(mj)

(
xi(j) − 1

n

∑
k

xk(j)

)

=
∑

i

(xi − x̄)⊤Σ−1(xi − x̄)

=
∑

i

(xi − µ + µ − x̄)⊤Σ−1(xi − µ + µ − x̄)

=
∑

i

(xi − µ)⊤Σ−1(xi − µ) + n(x̄ − µ)⊤Σ−1(x̄ − µ)

+
∑

i

(xi − µ)⊤Σ−1(µ − x̄) +
∑

i

(µ − x̄)⊤Σ−1(xi − µ)
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Now, note that1425

∑
i

(xi − µ)⊤Σ−1(µ − x̄) =
(∑

i

x⊤
i −

∑
i

µ⊤
)

Σ−1(µ − x̄)

= (nx̄⊤ − nµ⊤)Σ−1(µ − x̄)

= −n(x̄ − µ)Σ−1(x̄ − µ)

and that the same holds for ∑i(µ − x̄)⊤Σ−1(xi − µ), from which we conclude that1426

tr(SΣ−1) =
∑

i

(xi − µ)⊤Σ−1(xi − µ) − n(x̄ − µ)⊤Σ−1(x̄ − µ) (B2)

which is the desired result. From here, we can proceed to the integration over all Gaussian1427

parameters1428

p(d|Gaussian) =
∫

p(d|µ, Σ)p(µ)p(Σ)dµdΣ

= 1
|R|(2π)Dn/2ckD

∫ 1
|Σ|(k+D+1+n)/2 exp

(
−1

2tr((S + I)Σ−1)
)

dΣ

×
∫

exp
(

−n

2 (x̄ − µ)⊤Σ−1(x̄ − µ))
)

dµ

Now, note that the integral over µ is simply that of an (unnormalized) multivariate1429

Gaussian distribution with covariance matrix Σ/n and mean x̄. As long as the range R is1430

sufficiently large relative to Σ, we can simply approximate it by the integral over all of RD,1431

in which case it becomes the normalization constant of the Gaussian (2π)D/2n−D/2|Σ|1/2.1432

Thus, we have1433

p(d|Gaussian) ≈ 1
|R|(2π)D(n−1)/2nD/2ckD

∫ 1
|Σ|(k+D+n)/2 exp

(
−1

2tr((S + I)Σ−1)
)

dΣ

Finally, note that the remaining integrand has the form of an inverse-Wishart distribution1434

with hyperparameters k′ = k + n − 1 and S + I, up to normalization factors that are1435

independent of Σ. Formally, a properly normalized inverse-Wishart distribution with1436

hyperparameters k′ and Ψ is given by (Gelman et al., 1995)1437

p(Σ) = |Ψ|k′/2

ck′D|Σ|(k′+D+1)/2 exp
[
−1

2tr(ΨΣ−1)
]

. (B3)
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where as before ck′D > 0 is a constant that depends on the hyperparameter k′ and the1438

dimensionality D. Thus, we conclude that1439

p(d|Gaussian) ≈ ck′D

|R|(2π)D(n−1)/2nD/2ckD

1
|S + I|(k+n−1)/2 (B4)

For completeness, we note that ckD = 2Dk/2πD(D−1)/4∏D
i=1 Γ

(
k+1−i

2

)
, where Γ is the1440

Gamma function. Using this we can further simply1441

ck′D

(2π)D(n−1)/2nD/2ckD

=
2D(k+n−1)/2πD(D−1)/4∏D

i=1 Γ
(

k+n−i
2

)
(2π)D(n−1)/2nD/22Dk/2πD(D−1)/4∏D

i=1 Γ
(

k+1−i
2

)
= 1

πD(n−1)/2nD/2

D∏
i=1

Γ
(

k+n−i
2

)
Γ
(

k+1−i
2

)
Thus, we arrive at the final formula of Griffiths and Tenenbaum (2007)1442

p(d|Gaussian) ≈ Ck,D,n

|S + I|(k+n−1)/2 , Ck,D,n = 1
πD(n−1)/2nD/2

D∏
i=1

Γ
(

k+n−i
2

)
Γ
(

k+1−i
2

) . (B5)

Crucially, note that the only dependence on the exact value of the stimuli d is in the1443

determinant term and the rest are simply constant factors.1444
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Appendix C

Deriving Tversky’s Model

Our goal is to derive the generative similarity measure associated with the process specified1445

in Equation (16)1446

s(σ1(f (1)), σ2(f (2))) = p(same|σ1, σ2)
p(different|σ1, σ2)

= psame(σ1, σ2)
pdiff(σ1, σ2)

(C1)

where psame and pdiff are the likelihoods under the “same” and “different” processes1447

(Figure 1A) and, as before, we assume uniform priors p(same) = p(different). Plugging in1448

the different Beta, Bernoulli, and uniform distributions, we have1449

psame(σ1, σ2) =
∫ 1

|S(f (1))|
1

|S(f (2))|
∏

i

[
θ

f
(1)
i +f

(2)
i +α−1

i (1 − θi)f̄
(1)
i +f̄

(2)
i +β−1/B(α, β)

]
dθ1···n

where we defined f̄i = 1 − fi and used the definitions Bern(fi; θi) = θfi
i (1 − θi)f̄i and1450

Beta(θi; α, β) = θα−1
i (1 − θi)β−1/B(α, β), where B is the Beta function which is given by1451

B(z1, z2) =
∫ 1

0 dttz1−1(1 − t)z2−1 for all positive numbers z1, z2 > 0. Likewise, |S(f)| is the1452

cardinality of the stimulus set associated with the feature vector f and accounts for1453

uniform sampling. Similarly, for the “different” process we have1454

pdiff(σ1, σ2) =
∫ 1

|S(f (1))|
∏

i

[
θ

f
(1)
i +α−1

(1)i (1 − θ(1)i)f̄
(1)
i +β−1/B(α, β)

]
dθ(1)1···n

×
∫ 1

|S(f (2))|
∏
j

[
θ

f
(2)
j +α−1

(2)j (1 − θ(2)j)f̄
(2)
j +β−1/B(α, β)

]
dθ(2)1···n

The above integrals might seem complicated at first but the conjugacy relation between the1455

Beta and Bernoulli distributions simplify things drastically. Indeed, the cardinality factors1456

cancel out in the ratio psame/pdiff so that we are left with a collection of Beta function1457

factors (see definition of Beta function above)1458

s(σ1(f (1)), σ2(f (2))) =
∏

i B(f (1)
i + f

(2)
i + α, f̄

(1)
i + f̄

(2)
i + β)B(α, β)∏

i B(f (1)
i + α, f̄

(1)
i + β)∏j B(f (2)

j + α, f̄
(2)
j + β)

(C2)

Taking the logarithm and rearranging the terms we have1459

log s(σ1(f (1)), σ2(f (2))) =
∑

i

log B(f (1)
i + f

(2)
i + α, f̄

(1)
i + f̄

(2)
i + β)B(α, β)

B(f (1)
i + α, f̄

(1)
i + β)B(f (2)

i + α, f̄
(2)
i + β)

(C3)



GENERATIVE SIMILARITY, GENERALIZATION, AND ABSTRACTION 71

Now, recall the following Beta function identities11
1460

B(x + 1, y) = x

x + y
B(x, y); B(x, y + 1) = y

x + y
B(x, y) (C4)

Using these identities we can group and simplify the different ratios contributing to the1461

sum depending on the values of the features. If f
(1)
i = f

(2)
i = 1 then we have1462

log B(2 + α, 0 + β)B(α, β)
B(1 + α, 0 + β)B(1 + α, 0 + β) = log α + 1

α + β + 1
α + β

α
(C5)

If on the other hand f
(1)
i = 1 and f

(2)
i = 0 or f

(1)
i = 0 and f

(2)
i = 1 then we have1463

log B(1 + α, 1 + β)B(α, β)
B(1 + α, 0 + β)B(0 + α, 1 + β) = log β

α + β + 1
α + β

β
(C6)

and finally for f
(1)
i = f

(2)
i = 0 we have12

1464

log B(0 + α, 2 + β)B(α, β)
B(0 + α, 1 + β)B(0 + α, 1 + β) = log β + 1

α + β + 1
α + β

β
(C7)

Next, defining Σ1 and Σ2 to be the sets of features that hold true for stimuli σ1 and σ2, we1465

can write1466

log s(σ1(f (1)), σ2(f (2))) = |Σ1 ∩ Σ2| log α + 1
α + β + 1

α + β

α

+ (|Σ1 − Σ2| + |Σ2 − Σ1|) log β

α + β + 1
α + β

β

+ |Σ̄1 ∩ Σ̄2| log β + 1
α + β + 1

α + β

β

where |Σ1 ∩ Σ2| is the number features that hold true for both stimuli, |Σi − Σj| is the1467

number of features that hold true for σi but not for σj, and finally |Σ̄1 ∩ Σ̄2| is the number1468

of features that hold neither for σ1 nor for σ2. Observe next that by definition we have1469

11 These follow from the fact that B(z1, z2) = Γ(z1)Γ(z2)/Γ(z1 + z2) where Γ is the Gamma function which

satisfies Γ(z + 1) = zΓ(z) for any z > 0 (Artin, 2015).

12 To the best of our knowledge, the contribution of this condition was not included in the calculation

found in Kemp et al. (2005) (see Supplementary of that work).
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|Σ̄1 ∩ Σ̄2| = n − |Σ1 ∩ Σ2| − |Σ1 − Σ2| − |Σ2 − Σ1| where n is the total number of features.1470

From here it follows that1471

log s(σ1(f (1)), σ2(f (2))) = |Σ1 ∩ Σ2| log α + 1
α

β

β + 1 (C8)

+ (|Σ1 − Σ2| + |Σ2 − Σ1|) log β

β + 1

+ n log β + 1
α + β + 1

α + β

β
.

Finally, defining1472

αs = log
(

α + 1
α

β

β + 1

)
, βs = log

(
β + 1

β

)
, log c0 = n log

(
β + 1

α + β + 1
α + β

β

)
(C9)

we arrive at1473

log s(σ1(f (1)), σ2(f (2))) = αs|Σ1 ∩ Σ2| − βs(|Σ1 − Σ2| + |Σ2 − Σ1|) + log c0 (C10)

which is the desired result. Finally, to get the alternative formula note that using the1474

definition of the union |Σ1 ∪ Σ2| = |Σ1 ∩ Σ2| + |Σ1 − Σ2| + |Σ2 − Σ1| we can rewrite the1475

formula as1476

log s(σ1(f (1)), σ2(f (2))) = |Σ1 ∩ Σ2| log α + 1
α

− |Σ1 ∪ Σ2| log β + 1
β

+ log c0. (C11)
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Appendix D

Computing the Prototype Limit

To derive Equation (22), we will first consider the case of D = 1 dimensions, and then1477

generalize to D > 1. Throughout, we will assume that as n → ∞ the set of category1478

exemplars {xi} has a finite mean (i.e., x̄({xi}) = 1
n

∑n
i=1 xi < ∞) and covariance (i.e.,1479

Σ({xi}) = S({xi})/n < ∞; in D = 1 this is just the variance Σ({xi}) = σ2({xi}) < ∞).1480

Otherwise, this would contradict the Gaussian generative assumption and an alternative,1481

more suitable model should be considered.1482

Starting from the D = 1 case, observe that when n → ∞ the mean of the set1483

{xi} ∪ {x0} is very close to that of {xi} since adding an extra point to a large set of points1484

has a vanishing effect on the mean. Formally, 1
n+1 (∑n

i=1 xi + x0) = x̄({xi}) + O(n−1) where1485

O(n−1) denotes corrections of order n−1 or smaller. Next, note that in one dimension we1486

have S({xi}) = ∑n
i=1(xi − x̄)2 from which it follows that1487

S({xi} ∪ {x0}) = S({xi}) + (x0 − x̄({xi}))2 + O(n−1) ≡ nσ2({xi}) + ∆ + r0/n. (D1)

where we defined ∆ = (x0 − x̄({xi}))2 and r0/n is the residue where r0 ∼ O(1) (since the1488

remaining terms are O(n−1)). To properly take the limit, we should also take into account1489

the dependence on n in the normalization constant that we suppressed in the main text,1490

but provide in full in Equation (B5). When computing the ratio between pG({xi} ∪ {x0})1491

and pG({xi}), the normalization factors yield1492

Ck,D,n+1

Ck,D,n

= πD(n−1)/2nD/2

πD(n+1−1)/2(n + 1)D/2

D∏
i=1

Γ
(

k+n+1−i
2

)
Γ
(

k+1−i
2

) Γ
(

k+1−i
2

)
Γ
(

k+n−i
2

)
= 1

πD/2

(
n

n + 1

)D/2 D∏
i=1

Γ
(

k+n+1−i
2

)
Γ
(

k+n−i
2

)
= 1

πD/2

(
n

n + 1

)D/2 Γ
(

k+n
2

)
· · · Γ

(
k+n−(D−1)

2

)
Γ
(

k+n−1
2

)
· · · Γ

(
k+n−D

2

)
= 1

πD/2

(
n

n + 1

)D/2 Γ
(

k+n
2

)
Γ
(

k+n−D
2

)
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When n → ∞ we can further expand this formula using the asymptotic properties of the1493

Gamma function13 (Laforgia & Natalini, 2012)1494

Ck,D,n+1

Ck,D,n

= 1
(2π)D/2 nD/2 + O(nD/2−1) ≡ 1

(2π)D/2 nD/2 + c0n
D/2−1 (D2)

where c0 ∼ O(1) is the residue. Thus, assembling the expansions and plugging them into1495

Equation (21) (to simplify notation we will write σ2 instead of σ2({xi})) we have1496

s({xi}, x0) ∝
(

n1/2

(2π)1/2 + c0n
−1/2

)
(1 + nσ2)(n+k−1)/2

(1 + nσ2 + ∆ + r0/n)(n+k)/2

=
(

(2π)−1/2n1/2 + c0n
−1/2

(nσ2 + ∆ + 1 + r0/n)1/2

)
(1 + nσ2)(n+k−1)/2

(1 + nσ2 + ∆ + r0/n)(n+k−1)/2

=
(

(2π)−1/2n1/2 + c0n
−1/2

(nσ2 + ∆ + 1 + r0/n)1/2

)
1

(1 + (∆ + r0/n)/(1 + nσ2))(n+k−1)/2

where we set D = 1 and used the fact that in one dimension the determinant satisfies1497

|A| = A and I = 1. We are now ready to take the limit n → ∞ as both factors in the1498

formula for s({xi}) have finite limits. Indeed, for the first factor we have1499

(
(2π)−1/2n1/2 + c0n

−1/2

(nσ2 + ∆ + 1 + r0/n)1/2

)
→ 1

(2πσ2)1/2 (D3)

As for the second factor, observe that1500

[
1 + ∆ + r0n

−1

1 + nσ2

](n+k−1)/2

=
[
1 + ∆ + r0n

−1

1 + nσ2

](k−1)/2 [
1 + ∆ + r0n

−1

1 + nσ2

]n/2

(D4)

The first term approaches unity when n → ∞, as for the second term notice that the power1501

also depends on n, and so it requires more careful treatment. First, expanding in 1/n we1502

can write1503

1 + ∆ + r0n
−1

1 + nσ2 = 1 + ∆
nσ2 + r′

0
n2 (D5)

where r′
0 ∼ O(1) (i.e., the residue contains all correction of order 1/n2 or smaller). Then,1504

taking the logarithm and using the standard Taylor expansion log(1 + x) = x + O(x2) and1505

13 This follows from the expansion Γ(x+α)
Γ(x+β) = xα−β(1 + O(x−1)) which holds for α, β ≥ 0 and x → ∞

(Laforgia & Natalini, 2012).
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taking n → ∞ we have1506

log
[
1 + ∆

nσ2 + r′
0

n2

]n/2

= n

2

(
∆

nσ2 + r′
0

n2 + O(n−2)
)

→ ∆
2σ2 (D6)

Note that this is essentially a manifestation of the following limit identity: if an is a1507

sequence that converges to a in the limit n → ∞, then the sequence (1 + an

n
)n converges to1508

ea (Lemma 2.3.14 in Casella and Berger, 2024). Combined with the pervious analysis this1509

also implies that any terms that decay faster than 1/n within the power brackets (·)n yield1510

vanishing contributions and can be discarded. In any case, combining the results, we1511

conclude that1512

s({xi}, x0) → 1√
2πσ2

exp
(

−(x0 − x̄({xi})2

2σ2({xi})

)
(D7)

which is the desired formula.1513

The extension to D > 1 follows the same logic with some additional matrix1514

identities. First, recall that the scatter matrix can be written in terms of the empirical1515

covariance matrix S({xi}) = nΣ({xi}), and we assume that Σ remains finite and invertible1516

as n → ∞ (otherwise a Gaussian generative model would be unsuitable). Second, we can1517

use the same expansion for the mean and covariance of the set {xi} ∪ {x0} and write1518

S({xi} ∪ {x0}) = nΣ({xi}) + ∆ + O(n−1) (D8)

where ∆ = (x0 − x̄({xi}))(x0 − x̄({xi}))⊤. From here, we have1519

s({xi}, x0) ∝ Ck,D,n+1

Ck,D,n

|S({xi}) + I|(n+k−1)/2

|S({xi} ∪ {x0}) + I)|(n+k)/2

= Ck,D,n+1

Ck,D,n

1
|S({xi} ∪ {x0}) + I|1/2

1
|(S({xi}) + I)−1(S({xi} ∪ {x0}) + I))|(n+k−1)/2

≈ nD/2

(2π)D/2
1

|nΣ|1/2
1

|(I + 1
n
Σ−1∆)n|1/2

where in the second equality we used the following determinant identities |A−1| = |A|−1,1520

|An| = |A|n, and |AB| = |A||B| (Petersen, Pedersen, et al., 2008), and in the third equality1521

we kept only the leading terms in n that contribute to the limit n → ∞. Now, using the1522
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A. B.

Figure D1

Simulations of the n → ∞ limit. A. Exact (solid) vs. large n approximation (dashed)

generative similarity for one dimensional stimuli x0 and a stimulus set {xi} of varying

sizes n and a hyperparameter k = 2. The stimuli {xi} were sampled from a Gaussian

distribution with zero mean and unit variance. B. Contour plot of exact (solid) and

approximate (dashed) generative similarity for D = 2 dimensional stimuli and a stimulus

set {xi} sampled from a Gaussian of zero mean and identity covariance matrix. We fixed a

set size of n = 100 and a hyperparameter k = 2.

identities |αA| = αD|A| for any matrix A of dimensions D × D and scalar α, in addition to1523

the matrix exponential limit
(
I + 1

n
A
)n

→ eA and the identity |eA| = etr(A) (Hall, 2013;1524

Petersen, Pedersen, et al., 2008), we arrive at1525

s({xi}, x0) → 1√
(2π)D|Σ|

exp
(

−1
2tr(Σ−1∆)

)
(D9)

Finally, observe that this is simply a different form of writing a multivariate Gaussian1526

distribution with empirical mean x̄({xi}) and covariance matrix Σ({xi}). Indeed,1527

tr(Σ−1∆) = tr(Σ−1(x0 − x̄)(x0 − x̄)⊤)

=
∑
i,j

(Σ−1)ij(x0j − x̄j)(x0i − x̄i)

=
∑
i,j

(x0i − x̄i)(Σ−1)ij(x0j − x̄j)

= (x0 − x̄)⊤Σ−1(x0 − x̄)
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From here, we conclude that1528

s({xi}, x0) → 1√
(2π)D|Σ({xi})|

exp
(

−1
2(x0 − x̄({xi}))⊤Σ−1({xi})(x0 − x̄({xi}))

)
. (D10)

This completes the derivation. As a sanity check, we confirmed in a simulation that the1529

theoretical limit and the exact formula indeed overlap as n grows larger (Figure D1).1530
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Appendix E

Triplet Loss Formulation of Generative Similarity

Given a generative model of the data, we can define a corresponding contrastive generative1531

model on data triplets (X, X+, X−) as follows1532

pc(x, x+, x−) =
∫

p(x|θ+)p(x+|θ+)p(x−|θ−)p(θ+)p(θ−)dθ+dθ− (E1)

and given a triplet contrast function ℓ(x, x+, x−), e.g., d(ϕ(x), ϕ(x+)) − d(ϕ(x), ϕ(x−)) or1533

some monotonic function of it (the dot product is also common; Sohn, 2016), we define the1534

optimal embedding as1535

φ∗ = arg min
φ

Epcℓ(ϕφ(X), ϕφ(X+), ϕφ(X−)). (E2)

Crucially, this function can be estimated via Monte Carlo sampling with triplets from1536

(X, X+, X−) ∼



θ+, θ− ∼ p(θ), Sample distributions

x, x+ ∼ p(x|θ+), Sample ‘same’ examples

x− ∼ p(x|θ−), Sample ‘different’ examples

(E3)

Moreover, Equation (E2) has a desirable property: in Appendix F we prove that if ℓ is1537

convex and strictly increasing in ∆ϕ(x, x+, x−) ≡ d(ϕ(x), ϕ(x+)) − d(ϕ(x), ϕ(x−)) (e.g.,1538

softmax loss ℓ(∆ϕ) = log(1 + exp(∆ϕ)); Sohn, 2016), then the optimal encoder ϕ∗ that1539

minimizes (E2) ensures that the expected distance between same pairs is strictly smaller1540

than that of different pairs as defined by the processes in Figure 1A, i.e.,1541

Epsamed(ϕ∗(X), ϕ∗(X+)) < Epdiffd(ϕ∗(X), ϕ∗(X−)). (E4)
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Appendix F

Separation in Expectation

We want to show that for any triplet loss function ℓ(∆ϕ) that is convex and strictly1542

increasing in ∆ϕ(x, x+, x−) = dϕ(x, x+) − dϕ(x, x−) where dϕ(x, y) = d(ϕ(x), ϕ(y)) is a given1543

embedding distance measure (e.g., softmax loss or quadratic loss), then the optimal1544

embedding that minimizes (E2) ensures that the expected distance between same pairs is1545

strictly smaller than that of different pairs as defined by the generative process in Figure1546

1A. To see this, let ϕ∗ denote the optimal embedding and let ℓ∗ denote its achieved loss.1547

By definition, for any suboptimal embedding ϕsub which achieves ℓsub we have ℓ∗ < ℓsub.1548

One such suboptimal embedding (assuming non-degenerate distributions) is the constant1549

embedding which collapses all samples into a point ϕsub = ϕ0. In that case, we have ∆ = 01550

and hence ℓ∗ < ℓ(0). Now, using Jensen inequality we have1551

ℓ(0) > ℓ∗ = Epcℓ(∆ϕ∗(X, X+, X−)) ≥ ℓ(Epc∆ϕ∗(X, X+, X−)). (F1)

Observe next that since ℓ is strictly increasing (and hence its inverse is well-defined and1552

strictly increasing) it follows that Epc∆ϕ∗(X, X+, X−) < 0. Finally, by noting that1553

Epcdϕ∗(X, X+) =
∫

p(x|θ+)p(x+|θ+)p(x−|θ−)p(θ+)p(θ−)dϕ∗(x, x+)dxdx+dx−dθ+dθ−

=
∫

p(x|θ+)p(x+|θ+)p(θ+)dϕ∗(x, x+)dxdx+dθ+

= Epsamedϕ∗(X, X+)

and likewise,1554

Epcdϕ∗(X, X−) =
∫

p(x|θ+)p(x+|θ+)p(x−|θ−)p(θ+)p(θ−)dϕ∗(x, x−)dxdx+dx−dθ+dθ−

=
∫

p(x|θ+)p(x−|θ−)p(θ+)p(θ−)dϕ∗(x, x−)dxdx−dθ+dθ−

= Epdiffdϕ∗(X, X−)

we arrive at the desired result1555

Epsamedϕ∗(X, X+) < Epdiffdϕ∗(X, X−). (F2)
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Appendix G

Illustrative Example: Generative Similarity of a Gaussian Mixture

A B C

Figure G1

Encoding the generative similarity of a Gaussian mixture. A. Optimal linear projection

vector φ for a symmetric Gaussian mixture with means ±µ. B. Learned 1D embedding

values from a two-layer perceptron for points sampled from a 2D Gaussian mixture (colors

indicate values). C. Mean generative similarity as a function of distance in the embedding

space shown in B (discretized into 500 quantile bins). Shaded area indicates 95% CIs

bootsrapped over data points.

To get a sense of the contrastive training procedure with generative similarity, we1556

consider a Gaussian mixture example. Gaussian mixtures are ideal because they are1557

analytically and numerically tractable. Consider a data generative process that is given by1558

a mixture of two Gaussians with means µ1,2, equal variances σ2, and a uniform prior1559

p1,2 = 1/2. Without loss of generality, we can choose a coordinate system in which1560

µ1 = −µ2 ≡ µ. Consider further a subfamily of embeddings that are specified by linear1561

projections ϕφ(x) = φ · x where φ is a unit vector of choice φ · φ = 1. Given the contrastive1562

sampling process pc of Equation (E1), a natural measure of contrastive loss in this case1563

would be1564

Epcℓ = Epc

[
ϕφ(X) · ϕφ(X−) − ϕφ(X) · ϕφ(X+)

]
(G1)

i.e., using the ‘dot’ product as a measure of embedding similarity (Sohn, 2016) (for1565
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one-dimensional embeddings this is just a regular product). By plugging in the definition1566

of the Gaussian mixture and simplifying using Gaussian moments (see below), Equation1567

(G1) boils down to Epcℓ ∝ −4||µ||22 cos2 θφµ where θφµ is the angle between φ and µ. This1568

loss is minimized for cos θφµ = ±1 or equivalently φ∗ = ±µ̂ where µ̂ is the normalized1569

version of µ. This means that the optimal linear mapping is simply one that projects1570

different points onto the axis connecting the centers of the two Gaussians µ1 − µ2 = 2µ,1571

which is equivalent to a linear decision boundary that is orthogonal to the line µ1 − µ2 and1572

passing through the origin, and thus effectively recovering a linear classifier (Figure G1A).1573

We further confirmed in a simulation that this behavior persists when applying the1574

Monte-Carlo approximation in Equation (E3) with a quadratic loss to a two-layer1575

perceptron (Figure G1B; classification test accuracy of 99.7%; additional details below).1576

Moreover, we compared distance in the learned embedding space to the theoretical1577

generative similarity values in that case and found excellent agreement (Spearman’s1578

ρ(498) = −0.99, p < 10−3; Figure G1C). We also found that the 95% confidence interval1579

(CI) on the average distance for same pairs was [1.62, 1.66] whereas for different pairs it1580

was [4.77, 4.91], consistent with the prediction of Equation (E4).1581

Analytical Derivation1582

To derive the linear projection result, we start by plugging in the definition of the1583

Gaussian mixture generative process into Equation (E2)1584

Epcℓ(X, X+, X−) =
∑

i=1,2

∑
j=1,2

∫
ℓ(ϕ(x), ϕ(x+), ϕ(x−))×

× 1
4

1
((2π)dσ2d)3/2 exp

(
−(x − µi)2 + (x+ − µi)2 + (x− − µj)2

2σ2

)
dxdx+dx−

Now, recall that1585

ℓ(x, x+, x−) = ϕφ(x) · ϕφ(x−) − ϕφ(x) · ϕφ(x+)

= (φ · x)(φ · x−) − (φ · x)(φ · x+)
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Substituting into the loss formula and integrating we have1586

Epcℓ ∝
∑
i,j

∫
(φ · x)(φ · x−) exp

(
−(x − µi)2 + (x− − µj)2

2σ2

)
dxdx−

− 2
∑

i

∫
(φ · x)(φ · x+) exp

(
−(x − µi)2 + (x+ − µi)2

2σ2

)
dxdx+

Note next that since x+ and x− are dummy integration variables, we can further rewrite1587

Epcℓ ∝
∑
i ̸=j

∫
(φ · x)(φ · x−) exp

(
−(x − µi)2 + (x− − µj)2

2σ2

)
dxdx−

−
∑

i

∫
(φ · x)(φ · x+) exp

(
−(x − µi)2 + (x+ − µi)2

2σ2

)
dxdx+

Thus, using the fact that the distributions are separable and standard Gaussian moment1588

formulae we arrive at1589

Epcℓ ∝
∑
i ̸=j

(φ · µi)(φ · µj) −
∑

i

(φ · µi)(φ · µi) (G2)

Finally, plugging in µ1 = −µ2 = µ and using the fact that ||φ||22 = φ · φ = 1 we have1590

Epc ∝ −4(φ · µ)2 = −4||µ||22 cos2 θφµ. (G3)

Simulation Details1591

To test the Monte Carlo approximation of Equation (E3) and to see how well it1592

tracks the theoretical generative similarity, we considered an embedding family that is1593

parametrized by two-layer perceptrons. For the generative family, we chose as before a1594

mixture of two Gaussians, this time with mean values of µ1 = (5, 5) and µ2 = (1, 1) and1595

unit variance σ2 = 1. As for the loss function, here we used a quadratic (Euclidean) loss of1596

the form1597

L = 1
Ntriplets

∑
{x,x+,x−}

[
(ϕ(x) − ϕ(x+))2 − (ϕ(x) − ϕ(x−))2

]
(G4)

where {x, x+, x−} are triplets sampled from Equation (E3). We trained the perceptron1598

model using 10,000 triplets (learning rate = 10−5, hidden layer size = 32, batch-size = 256,1599

and 300 epochs). The resulting model successfully learned to distinguish the two Gaussians1600
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as seen visually from the embedding values in Figure G1B, and also from the test accuracy1601

of 99.7%. Finally, we wanted to see how well the embedding distance tracked the1602

theoretical generative similarity, which in this case can be derived in closed form by simply1603

plugging in the Gaussian distributions in Equation (6)1604

s(x1, x2) =
1
2e− (x1−µ1)2

2σ2 × e− (x2−µ1)2

2σ2 + 1
2e− (x1−µ2)2

2σ2 × e− (x2−µ2)2

2σ2

(1
2e− (x1−µ1)2

2σ2 + 1
2e− (x1−µ2)2

2σ2 ) × (1
2e− (x2−µ1)2

2σ2 + 1
2e− (x2−µ2)2

2σ2 )
. (G5)

The mean generative similarity as a function of embedding distance between pairs1605

(grouped into 500 quantile bins) is shown in Figure G1C and exhibiting high consistency.1606
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Appendix H

Generative Similarity for Quadrilateral Shapes

The hard feature-class limit corresponds to taking α = β → 0 in Equation C8. In this case,1607

the Beta distributions that generate Bernoulli parameters become highly concentrated1608

around 0 and 1 since Beta(θi; α, β) ∝ θα−1
i (1 − θi)β−1). From here, we have1609

log s(σ1(f (1)), σ2(f (2)) = n log 2 − log β + 1
β

(|Σ1 − Σ2| + |Σ2 − Σ1|) (H1)

where the first term is simply a constant. Next, observe that1610

|Σ1 − Σ2| + |Σ2 − Σ1| =
∑

i

f
(1)
i (1 − f

(2)
i ) + f

(2)
i (1 − f

(1)
i ) (H2)

=
∑

i

f
(1)
i − 2f

(1)
i f

(2)
i + f

(2)
i

=
∑

i

(f (1)
i − f

(2)
i )2

where the third equality follows from the fact that f 2 = f for binary features. Thus,1611

generative similarity reduces to a monotonically decreasing function of the Euclidean1612

distance between the geometric features of shapes1613

log s(σ1(f (1)), σ2(f (2)) = n log 2 − log β + 1
β

∑
i

(f (1)
i − f

(2)
i )2 (H3)

which is the desired result.1614
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Appendix I

Details on Quadrilateral Experiment

For our main experiments, we use the CorNet model which was used in the original work1615

(variant ‘S’) that introduces the Oddball task (Sablé-Meyer et al., 2021). CorNet contains1616

four “areas” corresponding to the areas of the visual stream: V1, V2, V4, and IT. Each1617

area contains convolutional and max pooling layers. There are also biologically plausible1618

recurrent connections between areas (e.g., V4 to V1). After IT, the penultimate area in the1619

visual stream, a linear layer is used to readout object categories. The model is pretrained1620

on ImageNet-1k on a standard supervised image classification objective.1621

For finetuning the model on the generative similarity contrastive objective, we first1622

calculated the Euclidean distance of the model’s final layer embedding between different1623

quadrilateral images, then calculated the Euclidean distance between the quadrilaterals’1624

respective geometry feature vectors, and finally used the mean squared error between the1625

embeddings’ distance and the feature vectors’ distance as the loss. The geometric feature1626

vectors were a set of 22 binary features encoding the following properties: 6 features per1627

pair of edges encoding whether their lengths are equal or not, 6 features per pair of angles1628

coding whether their angles are equal or not, 6 features per pair of edges encoding whether1629

they were parallel or not, and 4 features per angle encoding whether they were right angles1630

or not. See Table I1 for a list of these values. For training data, we used quadrilaterals1631

from all 11 categories with different scales and rotations (though the specific quadrilateral1632

images used in the test trials were held out). We used the Adam optimizer with a learning1633

rate of 5e-4. We conducted 10 training runs.1634

We used the exact same training data, learning rate, and optimizer when running1635

the control experiments for finetuning CorNet on the SimCLR objective. For the SimCLR1636

objective, the augmentations we used were random resize crop, random horizontal flips,1637

and random Gaussian blurs. The original SimCLR paper also had augmentations related1638

to color distortions that we did not use because our data were already grayscale images.1639
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Like SimCLR, we used the InfoNCE loss function (Oord et al., 2018). Let vi be the1640

embedding of image i and v′
i be the embedding of image i’s augmented counterpart. The1641

loss is 1
N

∑N
i=1 log f(vi,v

′
i)

1
N

∑
j

exp f(vi,v′
j) where f is a similarity function between embeddings1642

(SimCLR used cosine similarity). This effectively pushes representations of images and1643

their augmented counterparts to be more similar while also pushing representations of1644

images and other images’ augmented counterparts to be more dissimilar. Training was1645

conducted on an NVIDIA Quadro P6000 GPU with 25GB of memory.1646

For finetuning the model on the supervised classification objective, we followed the1647

protocol used in the supplementary results of Sablé-Meyer et al. (2021). Specifically, 111648

new object categories are added to the model’s last layer, and the model is trained to1649

classify a quadrilateral as one of the 11 categories shown in Figure 6B. Like the contrastive1650

settings, we used training data from each category of quadrilaterals with different scales1651

and rotations (specific images used in the test trials were held out). We used a learning1652

rate of 5e-6 using the Adam optimizer with a cross entropy loss. We conducted 10 training1653

runs. Training was conducted on an NVIDIA Quadro P6000 GPU with 25GB of memory.1654
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Table I1

List of geometric regularities for each quadrilateral type (sorted from most regular to least)

shape rightAngles parallels symmetry equalSides equalAngles

square 4 2 4 4 4

rectangle 4 2 2 2 4

losange 0 0 2 4 2

parallelogram 0 2 1 2 2

rightKite 2 0 1 2 2

kite 0 0 1 2 2

isoTrapezoid 0 1 1 1 2

hinge 1 0 0 1 0

rustedHinge 0 0 0 1 0

trapezoid 0 1 0 0 0

random 0 0 0 0 0
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Appendix J

Geoclidean Concepts

Below are the 37 programs presented in the original Geoclidean benchmark (Hsu et al.,1655

2022). We used 30 for training and randomly held out 7 for testing (‘cccc’, ‘clcc’,1656

‘quadrilateral’, ‘triangle’, ‘perp bisector’, ‘llcc’, ‘ccc’). Test concepts have four asterisks1657

next to their names.1658

perp_bisector****1659

’l1 = line(p1(), p2())’,1660

’c1* = circle(p1(), p2())’,1661

’c2* = circle(p2(), p1())’,1662

’l2 = line(p3(c1, c2), p4(c1, c2))’,1663

1664

rectilinear1665

’l1 = line(p1(), p2())’,1666

’l2 = line(p2(), p3())’,1667

’l3 = line(p3(), p4())’,1668

’l4 = line(p4(), p5())’,1669

’l5 = line(p5(), p1())’,1670

1671

ang_bisector1672

’l1 = line(p1(), p2())’,1673

’c1* = circle(p1(), p2())’,1674

’c2* = circle(p2(), p1())’,1675

’c3* = circle(p3(c1, c2), p1())’,1676

’l2 = line(p1(), p3(c1, c2))’,1677

’l3 = line(p1(), p4(c2, c3))’,1678

1679
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oblong1680

’l1* = line(p1(), p2())’,1681

’c1* = circle(p1(), p2())’,1682

’c2* = circle(p2(), p1())’,1683

’l2* = line(p3(c1, c2), p4(c1, c2))’,1684

’c3* = circle(p5(l2), p6(l2))’,1685

’c4* = circle(p6(l2), p5(l2))’,1686

’l3* = line(p7(c3, c4), p8(c3, c4))’,1687

’c5* = circle(p9(l3), p10(l3))’,1688

’c6* = circle(p10(l3), p9(l3))’,1689

’l4* = line(p11(c5, c6), p12(c5, c6))’,1690

’l5 = line(p13(l1, l2), p14(l2, l3))’,1691

’l6 = line(p14(l2, l3), p15(l3, l4))’,1692

’l7 = line(p15(l3, l4), p16(l1, l4))’,1693

’l8 = line(p16(l1, l4), p13(l1, l2))’,1694

1695

eq_t1696

’l1 = line(p1(), p2())’,1697

’c1* = circle(p1(), p2())’,1698

’c2* = circle(p2(), p1())’,1699

’l2 = line(p1(), p3(c1, c2))’,1700

’l3 = line(p2(), p3())’,1701

1702

rhombus1703

’l1* = line(p1(), p2())’,1704

’c1* = circle(p1(), p2())’,1705

’c2* = circle(p2(), p1())’,1706
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’l2* = line(p3(c1, c2), p4(c1, c2))’,1707

’l3 = line(p1(), p3(c1, c2))’,1708

’l4 = line(p3(c1, c2), p2())’,1709

’l5 = line(p2(), p4(c1, c2))’,1710

’l6 = line(p4(c1, c2), p1())’,1711

1712

parallel_l1713

’l1* = line(p1(), p2())’,1714

’c1* = circle(p1(), p3(l1))’,1715

’c2* = circle(p3(l1), p1())’,1716

’c3* = circle(p2(), p3(l1))’,1717

’l2 = line(p4(c1, c2), p5(c1, c2))’,1718

’l3 = line(p6(c2, c3), p7(c2, c3))’,1719

1720

rhomboid1721

’l1* = line(p1(), p2())’,1722

’c1* = circle(p1(), p3(l1))’,1723

’c2* = circle(p3(l1), p1())’,1724

’c3* = circle(p4(l1, c2), p3(l1))’,1725

’c4* = circle(p5(l1, c3), p6(l1, c2))’,1726

’l2 = line(p1(), p7(c1, c2))’,1727

’l3 = line(p7(c1, c2), p8(c3, c4))’,1728

’l4 = line(p8(c3, c4), p4(l1, c2))’,1729

’l5 = line(p4(l1, c2), p1())’,1730

1731

1732

1733
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angle1734

’l1 = line(p1(), p2())’,1735

’l2 = line(p2(), p3())’,1736

1737

square1738

’l1* = line(p1(), p2())’,1739

’c1* = circle(p1(), p2())’,1740

’c2* = circle(p2(), p1())’,1741

’l2* = line(p3(c1, c2), p4(c1, c2))’,1742

’c3* = circle(p5(l1, l2), p1())’,1743

’l3 = line(p1(), p6(l2, c3))’,1744

’l4 = line(p6(l2, c3), p2())’,1745

’l5 = line(p2(), p7(l2, c3))’,1746

’l6 = line(p7(l2, c3), p1())’,1747

1748

sixty_ang1749

’l1 = line(p1(), p2())’,1750

’c1* = circle(p1(), p2())’,1751

’c2* = circle(p2(), p1())’,1752

’l2 = line(p1(), p3(c1, c2))’,1753

1754

right_ang_t1755

’l1* = line(p1(), p2())’,1756

’c1* = circle(p1(), p2())’,1757

’c2* = circle(p2(), p1())’,1758

’l2* = line(p3(c1, c2), p4(c1, c2))’,1759

’l3 = line(p5(l1, l2), p6(l2))’,1760
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’l4 = line(p5(l1, l2), p7(l1))’,1761

’l5 = line(p6(l2), p7(l1))’,1762

1763

radii1764

’c1 = circle(p1(), p2())’,1765

’l1 = line(p1(), p3(c1))’,1766

’l2 = line(p1(), p4(c1))’,1767

’l3 = line(p1(), p5(c1))’,1768

1769

diameter1770

’l1* = line(p1(), p2())’,1771

’c1* = circle(p1(), p2())’,1772

’c2* = circle(p2(), p1())’,1773

’l2 = line(p3(c1, c2), p4(c1, c2))’,1774

’c3 = circle(p5(l1, l2), p3(c1, c2))’,1775

1776

triangle****1777

’l1 = line(p1(), p2())’,1778

’l2 = line(p2(), p3())’,1779

’l3 = line(p3(), p1())’,1780

1781

quadrilateral****1782

’l1 = line(p1(), p2())’,1783

’l2 = line(p2(), p3())’,1784

’l3 = line(p3(), p4())’,1785

’l4 = line(p4(), p1())’,1786

1787
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segment1788

’c1 = circle(p1(), p2())’,1789

’l1 = line(p3(c1), p4(c1))’,1790

1791

llcc****1792

’l1 = line(p1(), p2())’,1793

’l2 = line(p3(), p4())’,1794

’c3 = circle(p5(l1), p6(l1, l2))’,1795

’c4 = circle(p7(), p8(l1, l2))’,1796

1797

ccl1798

’c1 = circle(p1(), p2())’,1799

’c2 = circle(p3(c1), p4())’,1800

’l3 = line(p5(c1), p6(c1, c2))’,1801

1802

ccc****1803

’c1 = circle(p1(), p2())’,1804

’c2 = circle(p3(c1), p4(c1))’,1805

’c3 = circle(p5(c1), p6(c1, c2))’,1806

1807

clcl1808

’c1 = circle(p1(), p2())’,1809

’l2 = line(p3(c1), p4(c1))’,1810

’c3 = circle(p5(), p6(c1, l2))’,1811

’l4 = line(p7(c1), p8(c3))’,1812

1813

1814
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clt1815

’c1 = circle(p1(), p2())’,1816

’l2 = line(p3(c1), p4())’,1817

’l3 = line(p5(c1, l2), p6(c1))’,1818

’l4 = line(p6(), p7(c1))’,1819

’l5 = line(p7(), p5())’,1820

1821

llt1822

’l1 = line(p1(), p2())’,1823

’l2 = line(p3(), p4())’,1824

’l3 = line(p5(l1, l2), p6())’,1825

’l4 = line(p6(), p7())’,1826

’l5 = line(p7(), p5())’,1827

1828

clcc****1829

’c1 = circle(p1(), p2())’,1830

’l2 = line(p3(c1), p4(c1))’,1831

’c3 = circle(p5(c1), p6(c1))’,1832

’c4 = circle(p7(c1), p8(c1))’,1833

1834

lllc1835

’l1 = line(p1(), p2())’,1836

’l2 = line(p3(l1), p4())’,1837

’l3 = line(p5(l2), p6())’,1838

’c4 = circle(p7(l1, l2), p8(l3))’,1839

1840

1841



GENERATIVE SIMILARITY, GENERALIZATION, AND ABSTRACTION 95

cccc****1842

’c1 = circle(p1(), p2())’,1843

’c2 = circle(p3(c1), p4(c1))’,1844

’c3 = circle(p5(c1, c2), p6(c1, c2))’,1845

’c4 = circle(p7(c2, c3), p8(c2, c3))’,1846

1847

cccl1848

’c1 = circle(p1(), p2())’,1849

’c2 = circle(p3(), p4(c1))’,1850

’c3 = circle(p5(), p6(c1, c2))’,1851

’l4 = line(p7(c1, c2), p8(c1, c2))’,1852

1853

clll1854

’c1 = circle(p1(), p2())’,1855

’l2 = line(p3(c1), p4())’,1856

’l3 = line(p5(l2), p6())’,1857

’l4 = line(p7(c1, l2), p8(l3))’,1858

1859

llll1860

’l1 = line(p1(), p2())’,1861

’l2 = line(p3(), p4())’,1862

’l3 = line(p5(l1, l2), p6())’,1863

’l4 = line(p7(l1, l2), p8())’,1864

1865

tll1866

’l1 = line(p1(), p2())’,1867

’l2 = line(p1(), p3())’,1868
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’l3 = line(p2(), p3())’,1869

’l4 = line(p4(l1, l2), p5())’,1870

’l5 = line(p6(l1, l2), p7())’,1871

1872

cll1873

’c1 = circle(p1(), p2())’,1874

’l2 = line(p3(c1), p4(c1))’,1875

’l3 = line(p5(c1), p6(c1))’,1876

1877

lll1878

’l1 = line(p1(), p2())’,1879

’l2 = line(p3(l1), p4())’,1880

’l3 = line(p5(l1), p6())’,1881

1882

llc1883

’l1 = line(p1(), p2())’,1884

’l2 = line(p3(), p4(l1))’,1885

’c3 = circle(p5(l1), p6(l1, l2))’,1886

1887

cct1888

’c1 = circle(p1(), p2())’,1889

’c2 = circle(p3(), p4())’,1890

’l3 = line(p5(c1, c2), p6(c1, c2))’,1891

’l4 = line(p6(), p7(c2))’,1892

’l5 = line(p7(), p5())’,1893

1894

1895
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tcl1896

’l1 = line(p1(), p2())’,1897

’l2 = line(p1(), p3())’,1898

’l3 = line(p2(), p3())’,1899

’c4 = circle(p4(l1, l2), p5())’,1900

’l5 = line(p6(l1, l2), p7(l3))’,1901

1902

lcc1903

’l1 = line(p1(), p2())’,1904

’c2 = circle(p3(l1), p4(l1))’,1905

’c3 = circle(p5(l1, c2), p6(l1, c2))’,1906

1907

tcc1908

’l1 = line(p1(), p2())’,1909

’l2 = line(p1(), p3())’,1910

’l3 = line(p2(), p3())’,1911

’c4 = circle(p4(l1, l2), p5())’,1912

’c5 = circle(p6(l1, l2), p7(l3))’,1913
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Appendix K

Geoclidean Context-Free Grammar

Context free grammar used to parse Geoclidean programs into parse trees.1914

S -> ConstructionSequence1915

1916

ConstructionSequence -> Construction | Construction ConstructionSequence1917

1918

Construction -> ObjectDef ’=’ Object1919

1920

ObjectDef -> VisibleObject | InvisibleObject1921

VisibleObject -> OBJECT_NAME1922

InvisibleObject -> OBJECT_NAME ’*’1923

1924

Object -> Line | Circle1925

1926

Line -> ’line’ ’(’ PointRef ’,’ PointRef ’)’1927

Circle -> ’circle’ ’(’ PointRef ’,’ PointRef ’)’1928

1929

PointRef -> SimplePoint | ConstrainedPoint1930

SimplePoint -> Point EmptyArgs1931

ConstrainedPoint -> Point ConstraintArgs1932

1933

Point -> POINT_NAME1934

1935

EmptyArgs -> ’(’ ’)’1936

ConstraintArgs -> ’(’ Constraints ’)’1937

1938
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Constraints -> SingleConstraint | DoubleConstraint1939

SingleConstraint -> ObjectRef1940

DoubleConstraint -> ObjectRef ’,’ ObjectRef1941

1942

ObjectRef -> OBJECT_NAME | OBJECT_NAME ’*’1943

1944

OBJECT_NAME -> LINE_NAME | CIRCLE_NAME1945

LINE_NAME -> ’l1’ | ’l2’ | ’l3’ | ’l4’ | ’l5’ | ’l6’ | ’l7’ | ’l8’ | ’l9’1946

CIRCLE_NAME -> ’c1’ | ’c2’ | ’c3’ | ’c4’ | ’c5’ | ’c6’1947

1948

POINT_NAME -> ’p1’ | ’p2’ | ’p3’ | ’p4’ | ’p5’ | ’p6’ | ’p7’ | ’p8’ ...| ’p16’1949
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Appendix L

Details on Geoclidean Experiment

Out of the 37 programs or “concepts” presented in the original Geoclidean work (shown in1950

Appendix J), we randomly chose 30 to generate our training data and the other 7 for1951

testing. We generated a dataset of 100, 000 images from the training concepts. For all of1952

our models, we finetuned the pretrained ResNet-50 architecture (He et al., 2016) that was1953

pretrained on ImageNet. We conducted 4 different training runs for each condition. Each1954

model was trained for 35 epochs using the Adam optimizer with a batch size of 128.1955

Images were resized to 224 × 224 × 3 (for 3 RGB channels) before training.1956

For the SimCLR baseline objective, images in the batch were randomly augmented.1957

The augmentations were: random resize crop, random horizontal flips, and random1958

Gaussian blurs. The original SimCLR paper also had augmentations corresponding to color1959

distortions which we did not use because our data were already grayscale images. Like1960

SimCLR, we used the InfoNCE loss function (Oord et al., 2018). Let vi be the embedding1961

of image i and v′
i be the embedding of image i’s augmented counterpart. The loss is1962

1
N

∑N
i=1 log f(vi,v

′
i)

1
N

∑
j

exp f(vi,v′
j) where f is a similarity function between embeddings (SimCLR1963

used cosine similarity). This effectively pushes representations of images and their1964

augmented counterparts to be more similar while also pushing representations of images1965

and other images’ augmented counterparts to be more dissimilar. Training was conducted1966

with one NVIDIA Tesla P100 GPU with 16GB of memory.1967

For the generative similarity objective, let image a be the the representation of an1968

image that is sampled from a random program c and image b be another image sampled1969

from a program d (which may or may not be the same program). We compute the mean1970

squared error between the cosine similarity between a and b and the logarithm of the tree1971

kernel between the respective parse trees of c and d. The tree kernel from Moschitti (2006)1972

recursively counts number of shared subtrees. Although Moschitti (2006) also propose a1973

method for subset trees, which is more exhaustive than parse trees, we found our results1974
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are sufficiently obtained through counting shared subtrees.1975

For the Monte-Carlo (class-based) baseline objective, let image a be the1976

representation of the anchor image that is sampled from a random program c. Let p be the1977

representation of a positive image that is another image sampled from c and n be the1978

negative image that is randomly sampled from another program. Using these samples, we1979

compute the positive Euclidean distance d(p, a) and the negative Euclidean distance d(n, a)1980

in order to compute the loss function d(p, a) − d(n, a). This loss is equivalent to an1981

implementation of supervised contrastive learning (Khosla et al., 2020). Note that since the1982

triplet loss is defined with respect to Euclidean distance in this case, we used this measure1983

of distance instead of cosine similarity when making predictions based on embeddings.1984

Each Geoclidean problem consists of a small set of reference images generated from1985

a specific geometric program, along with a set of test images. Some test images are derived1986

from the same underlying program (positives), while others are distractors generated from1987

different programs. Distractor difficulty varies across two problem types: far problems1988

involve distractors that differ substantially from the reference program, while close1989

problems include distractors with only minimal changes, making classification more1990

challenging.1991

To evaluate performance, we extract image embeddings using a CNN and compute1992

the mean embedding of the reference set to define a prototype representation. A test image1993

is classified as in-concept if its embedding lies within a certain threshold from this1994

prototype. The threshold is chosen to maximize classification performance across tasks1995

following Hsu et al. (2022).1996
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Appendix M

Generative Similarity of Items Sampled from a Hierarchy

We want to compute the generative similarity between a pair of items sampled from a1997

hierarchy (similar to Figure 9A). Specifically, we assume that items are sampled from a1998

tree hierarchy by probabilistically choosing a sequence of branches from the root until a1999

leaf is reached, after which an item is selected uniformly from a set of items associated with2000

that leaf. We assume that each possible item is associated with a single leaf, such that2001

there is a unique path from the root to the relevant leaf. Given two items xi and xj, let K2002

denote the branching or separation depth at which their trajectories from the root to their2003

respective leaves diverge. Moreover, let Ni and Nj denote the depth of each respective leaf,2004

and let Mi and Mj denote the size of the set of items associated with each leaf. From here,2005

under the ‘different’ (i.e., independent) sampling assumption we can denote the2006

probabilities of sampling xi and xj as p1p2 . . . pKp
(i)
K+1 . . . p

(i)
Ni

× 1
Mi

and2007

p1p2 . . . pKp
(j)
K+1 . . . p

(j)
Nj

× 1
Mj

for xi and xj, respectively, where each p is the probability of2008

(uniformly) sampling a branch at each branching point. Note that up until the branching2009

point the probabilities are shared by definition. On the other hand, when xi and xj are2010

sampled jointly, any joint sampling process that traverses from the root along the shared2011

path and stops no later than the branching point is a valid joint sampling process for xi2012

and xj and so we must sum over all of them. Thus, overall we have2013

s(xi, xj) = 1
K

1
MiMj

[
p1(p2 . . . pK × p

(i)
K+1 . . . p

(i)
Ni

)(p2 . . . pK × p
(j)
K+1 . . . p

(j)
Nj

) + . . .
]

p1p2 . . . pKp
(i)
K+1 . . . p

(i)
Ni

× 1
Mi

× p1p2 . . . pKp
(j)
K+1 . . . p

(j)
Nj

× 1
Mj

= 1
K

p1(p2 . . . pK)2 + p1p2(p3 . . . pK)2 + · · · + p1p2 . . . pK

(p1p2 . . . pK)2

= 1
K

(
1
p1

+ 1
p1p2

+ · · · + 1
p1p2 · · · pK

)

where in the second and third equalities we simply eliminated shared factors that cancel2014

out. This recovers Equation (35) which is the desired result.2015
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Appendix N

Details on Natural Image Hierarchy Experiment

Our training data came from the standard ImageNet-1k dataset (ILSVRC 2012) (Deng2016

et al., 2009). This dataset contains over a million training images from 1000 different2017

categories. These categories are each considered leaf nodes inside the WordNet tree2018

hierarchy and are non-overlapping. Images were resized to 224 × 224 × 3 (for 3 RGB2019

channels) before training. We trained a standard ResNet-50 (He et al., 2016) architecture2020

on all types of losses. We conducted 5 different training runs for each condition. For all2021

objectives, we trained for 65 epochs, we used the same learning rate 1e-3 and the same2022

Adam optimizer with a batch size of 256. Training was conducted with one NVIDIA A1002023

GPU with 40GB of memory.2024

For the SimCLR baseline objective, we used the same objective and image2025

augmentations as the previous experiments, but also included random grayscaling since2026

ImageNet images are colored. For the class-based baseline objective, we used a similar2027

triplet-based loss as in the Geoclidean experiment, with an anchor and positive image from2028

the same category and a negative example from a different category (correspondingly, we2029

used Euclidean distance to train and derive similarity predictions). For the generative2030

similarity objective, we computed the mean-squared error between the cosine similarities2031

between two image embeddings and their log generative similarity measure as defined in2032

Equation 35 (we used the logarithm as it provided more stable training).2033
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Appendix O

Experiments with Supervised Contrastive Learning

In the main text of this work, we use SimCLR as a baseline to our contrastive generative2034

similarity approach. As a reminder, SimCLR is a training framework whereby a2035

representation is learned by applying various augmentations to the training data and then2036

using those to construct positive and negative pairs that are then incorporated in a2037

contrastive (e.g. triplet) loss. Crucially, positive and negative pairs in SimCLR (and2038

InfoNCE; Oord et al., 2018) are usually constructed in a domain-agnostic manner by2039

applying augmentations such as rotations and rescalings to the data. While this is a good2040

default strategy, when there is prior expectation about the structure of the underlying2041

generative process, it glosses over finer structure present in the data, such as within- and2042

across-category relations. Supervised contrastive learning (SupCon, Khosla et al., 2020)2043

goes one step in this direction by defining same-different relations with respect to2044

meaningful semantic labels.2045

Note that supervised contrastive learning can be captured in the generative2046

similarity framework by assuming independent, finite, and discrete distributions for every2047

class. However, our generative similarity approach expands the expressivity of contrastive2048

learning by moving from similarity over labels to similarity over distributions, which can2049

capture more nuanced, complex, and graded relationships among datapoints that go2050

beyond those of simple independent, discrete categories. By using supervised contrastive2051

learning as an additional baseline, we show how training models with such relationships in2052

mind can lead to greater alignment with human behavior. For details on how supervised2053

contrastive learning is implemented in each domain, see Appendix L and Appendix N.2054

Note that we did not include this baseline in the quadrilateral domain since in that case2055

there is already an alternative supervised baseline that has been used in the literature and2056

therefore it is more appropriate (Sablé-Meyer et al., 2021).2057

In both the Geoclidean (Figure O1) and Natural Image Hierarchy domain2058
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(Figure O2), we see that SupCon can capture pairwise human similarity judgments at or2059

slightly above the level of GenSim. However, GenSim is a clear favorite when predicting2060

human behavior or exhibiting human-like performance on complex tasks such as the2061

Geoclidean task (Figure 8A), where people have to carefully do few-shot classification on2062

image stimuli with distractor stimuli that are generated from highly similar Geoclidean2063

programs (Figure O1C), or the Levels Dataset task (Figure O2A), where people do2064

similarity judgments specifically at different abstraction levels. These results suggest that2065

SupCon has the ability to capture human behavior prima facie (e.g. quick task-agnostic2066

similarity judgments) but not enough to capture more complex human behavior during2067

tasks that require reasoning over abstract concepts or hierarchies. Note that, as explained2068

above, SupCon fits within our generative similarity framework using a generative model2069

with discrete and independent categories (or as a Monte-Carlo approximation as noted in2070

the main text). Therefore, this attests to generative similarity’s ability to capture human2071

behavior on a variety of complexities, from prima facie similarity judgments to tasks2072

requiring complex reasoning about abstract generative processes, such as the Geoclidean2073

task.2074
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Figure O1

Performance in the Geoclidean domain across models with supervised contrastive learning

included. A. Geoclidean classification accuracy. This is the same as Figure 8C, but with

supervised contrastive learning included (black bar). GenSim performs the best at the

Geoclidean task. B. Similarity scores from all three models vs. human judgments (same as

Figure 8B, but with supervised contrastive learning (SupCon) added). Note that for the

supervised case the measure of similarity is given by the negative Euclidean distance as this

was the measure used in the SupCon triplet-loss specification.
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Figure O2

Performance in the ImageNet domain across models with supervised contrastive learning

included. A. (top) ImageNet hierarchy classification performance across different tree

levels. This is the same as Figure 9C, but with supervised contrastive learning included

(black bars). (bottom left) We aggregated performance across tree levels via the metric∑n
i=1 log ai

ci
, where ai is the accuracy at tree level i, ci is chance accuracy at tree level i, and

n is the number of tree levels. (bottom right) Levels dataset choice prediction. This is the

same as Figure 9D, but with supervised contrastive learning included (black bars). Overall,

we see that GenSim is consistently better than SimCLR and SupCon at capturing

human-like capabilities and behavior in reasoning about natural image stimuli at different

hierarchical levels. B. Similarity scores from all three models vs. human similarity

judgments (same as Figure 9, but with supervised contrastive learning added). As with

Geoclidean, SupCon similarity is specified as the negative Euclidean distance between

embeddings since this was the measure used in the triplet loss training.
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